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CHAPTER 0.1

Helpful Lemmas & Theorems

1. Groups
LEMMA 0.1.1. If p is prime, a group of order p is cyclic, and it’s generated by every mon-identity element.

PROOF. Let G be a group such that |G| = p. Then, consider a non-identity element x € G. By
Lagrange’s theorem, |z| = p, and, hence, (z) = G because (z) C G and |{(z)| = |G|. Since our choice of z
was arbitrary, we know all non-identity elements of G generate G. ]

LEMMA 0.1.2. All groups of order 4, must be isomorphic to either Z/AZ or Z/27 x Z/2Z.

PROOF. Suppose we consider a group G (where |G| = 4) that contains an element g such that |g| = 4.
Then, G = (g) must by cyclic and isomorphic to Z/4Z. Now, consider a group H (once again, where
|H| = 4) that doesn’t contain an element of order 4. Then, we know that H must be abelian because
(xy)2 =e = xy = (vy)~! =y lz7! = yx. We can define a bijective mapping f : Z/27Z x Z/27 — H such
that f(n,m) = x"y™. f is a homomorphism because

f((n,m)) f((a,0)) = 2"y a"y" = a"zy™y" = "0y = f((n,m)(a,b)).
Thus, H = 7./27 x 7./27. O

LEMMA 0.1.3. All subgroups of cyclic groups are cyclic

PrOOF. Consider the group (a) and one of it’s subgroups H. Let a™ be an element in H where m
is the smallest possible power of a in H (excluding the identity). Now, consider another element a™ € H.
n=gqgm+r where 0 <r <m. a" =a?"a" = a”" = a”(am)fq € H. Since a” belongs in H, r = 0. Hence,
H = {(a™). O

LeEMMA 0.1.4. Given H < G and P € Syl,(G), then PN H € Syl,(H)

PROOF. PN H must be a p-group because it’s a subgroup of P, and there must exist a Sylow p-subgroup
A of H such that PN H < A. Further, we have A < gPg~! = ¢ 'Ag< P,and A< H = g 'Ag< H.
Thus, g 'Ag< PNH and go'Ag< PNH <A = |PNH|=|A| O

LEMMA 0.1.5. Given a subgroup H of G such that |G : H| = p where p is the smallest prime that divides G,
then H is normal.

PRrROOF. Let G act on the cosets of H by left multiplication. Then, we can define the homomorphism
f: G — S, where ker(f) is clearly in H (because all elements of the kernal fix H). Now, we know that p
divides |G : ker(f)| and that |G : ker(f)| divides p!. Let |G : ker(f)| = pm. We know m divides (p—1)!. If m
divides anything other than 1, then we contradict the minimality of p. Thus, |G : ker(f)| =p = ker(f) =
H. O

THEOREM 0.1.6 (Fourth Isomorphism Theorem). Given G> K > H, (G/H)/(K/H) = G/K

4
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PROOF. Let f : (G/H)/(K/H) — G/K be a map defined such that f(aH(K/H)) = aK. f is well
defined because aH(K/H) = bH(K/H) = b 'aH(K/H)=K/H = b 'a€ K = aK =bK, and f
is a homomorphism because f(aH (K/H))f(bH(K/H)) = aK o bK = abK = f(abH(K/H)). f is injective
because f(aH(K/H)) = K = a€ K = aH(K/H) = (K/H) = ker(f) = {e}. Surjectivity holds
because bK = f(bH(K/H)) O

2. Fields
LEMMA 0.1.7. Suppose a vector space V' has a basis of size n. Then, any n+1 vectors are linearly dependent.

Proor. Let {aj,as,...,a,} be a basis of V. Then, consider the n + 1 vectors {b1,ba,..., by, byy1}.
Since {a,as,...,a,} spans V, let

by =cipa1 +cipa2 + -+ cipan

by = co1a1 +c22a0 + -+ c2 pay

bpt1 = Cnt1,101 + Cpg1,202 + - F Cpg1n0n
Next, note
— 1101 + a2y + -+ ZZ?n+1bn+1 =0
= (z1c11+ 2221+ + TpgiCntr,1)a1 + -+ (T1C1n + Tacop + -+ Tug1Cng1n)an = 0.
Since {a1,as,...,a,} are linearly independent,

11,1 +T2C2,1 + + + Tpy1Cpt1,1 =0
T1C1,2 +T2C22 + - -+ Tpyi1Cpg1,2 =0

T1C1n + T2C2p + -+ TppiCurin =0

Notice that this n x (n + 1) system has more variables than equations. Hence, there are infinitely many
solutions for z1,...,Z,4+1 — many of which are when z; # 0 (for some i =1,...,n+1). O

LEMMA 0.1.8. The only solution of the Diophantine equation a® + 2b% + 4¢® —6abc =0 isa=b=c=0.

PROOF. We prove this by infinite descent. Suppose there exists solutions a, b, ¢ such that either a, b, or
¢ are non-zero. Since a must be even, we set a = 2a’. Then,

a® + 2% +4¢® — 6abc = 0 = b® 4+ 2¢ + 4(d')® — 6a’be = 0.
By the same argument, we can set b = 2b" and then ¢ = 2¢’ to find that
(a')® +2(0)% +4(c)® = 6a’b'¢ = 0.

Notice max(|al, |b], |c|) > max(|a’|,|V'],||). By this measurement, we produced a smaller integral solution.
We can do this infinitely often, leading to an infinite sequence of smaller integral solutions — an absurd
result. (]

LEMMA 0.1.9 (Binomial Theorem For Fields). Let z,y belong to a field F'. Then,

n
Z <”) "y,
N (2
=0

(x+y)"
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PROOF. We proceed by induction on n. Setting n = 1, we can see z + y = (é)xlyo + (1)x0y1. Next,
suppose our lemma holds for n. Then,

(z+y)" =@ +y)(z+y)"

(2] (50

n n—1
— gl gl Z <7Z) g =iyl (C‘) gt
1

i=1

n n+
— anrl + ynJrl + E <n + 1> anrlfiyi —_ <n + 1> xn+1
{2 {2
=0

i=1

LEMMA 0.1.10. For all k, (}) + (") + -+ (P57 = (01)

PROOF. We proceed by induction on k. We can see that our lemma holds for £ = 1. Suppose it was
true for k — 1. Then,

)= () ()= ) () () 0)

LEMMA 0.1.11 (Rational Root Test). Let p(z) = anz™ + an_12"" 1 + -+ + ag be a polynomial with integer
coefficients. Suppose § was a root where gcd(a,b) = 1. Then, b | a, and a | ag.

PROOF.

4 (%) = a,a" +a,_10" b+ an,_0a" b  + - +agh™ =0

(a divides the LHS and the RHS) ana" + an_16" "0+ ap_2a" 20 + - + a1ab" ' = —aph” = a|agp
(b divides the LHS and the RHS) 10" "0+ ap_0a" 2% + - + apb™ = —apa® = b | an

LEMMA 0.1.12 (Zorn’s Lemma). Suppose a partially ordered set P has the property that every chain in P
has an upper bound in P. Then, P contains at least one maximal element.

THEOREM 0.1.13. Fvery Vector space has a basis.

PROOF. In our proof, we employ Zorn’s Lemma (Lemma 0.1.12). Now, let V' be a vector space. Then,
we consider the set of linearly independent subsets of V. In our set, the partial order < is defined such
that By < By <= B; C Bs. Notice that an upper bound of the chain By < By < ... is BiUByU....
Notice that our union must be linearly independent since any subset must be a subset of some B;. By Zorn’s
Lemma, we can guarantee the existence of some maximal linearly independent subset % of V. 8 must span
V for, if it didn’t, we contradict the maximality of 5. O

LEMMA 0.1.14. Call the splitting field of f € F[X] over F K. Given f has no repeated roots over K, K/F
is seperable.

PROOF. Theorem 3.5 of [Con14]. O
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LEMMA 0.1.15. Consider g, h € Z[X] such that h and g have leading coefficient 1 and h | g in C[X]. Then,
h|g in Z[X].

PrROOF. Let deg ¢ = m and deg h = n. We proceed by induction on m — n. Suppose m = n. Then,
g(z) = h(z). Now, suppose m > n. Assume our result holds for all 0 < i < m —n. Then, notice h(x) divides
g(x) — 2™ "h(z) and 2™ "h(x) over Z[X] by the inductive hypothesis. h must then divide g over Z[X]. O

LEMMA 0.1.16. Let {d;}7*, be the set of m divisors of n. Then,
¢(dr) + ¢(d2) + - -+ + ¢(dm) = n.
PROOF. Let n = p{'p5*...py* where pi,ps,...,py are primes. Then,
= ¢(d1) + ¢(d2) + -+ + ¢(dm)
= (1) + ¢(p) + ¢ (p1) + -+ 6 (p1")) x -+ x (6(1) + é(pk) + & (PF) + -+ + & (B}))
=(l4pr—14+pl—pr+-+p —p{ ) x o x (Lbpe—14+pt —pe+- - +pF —p ")

(& (& (&
=pi'py’...pf=n

LEMMA 0.1.17. InF,[X] (p is prime), g(aP) = (g(z))P.

PrOOF. Note a? = a (mod p) for all @ € F), by Fermat’s Little Theorem and (z+y)? = 2P +y” (mod p)
for indeterminate « and y by the Binomial Theorem (Lemma 0.1.9). Our result then follows. g

LEMMA 0.1.18 (The Galois Group acts transitively on the roots). Let x and y be roots of the separable,
minimal polynomial f € F[X]. Call the splitting field of f over F K. Then, there exists o € Gal(K/F) such
that o(x) = y.

PRrOOF. Consider the polynomial
g(x) = (z —o(x)).
c€Gal(K/F)

Notice that it is invariant under the elements of Gal(K/F) and, hence, belongs in F[X]. Then, f | g =
g(y) = 0. Le. there exists o such that o(x) = y. O

LEMMA 0.1.19. Let 0 : F — F’ be an isomorphism of fields. Let p € F[X], and let p' € F'[X] be the
polynomial obtained by applying o on the coefficients of p. Call the K the splitting field of p over F and
K' that of p' over F'. Then, there exists an isomorphsim 7 : K — K' such that T restricts to o. ILe.
Ve F, 7(x) = o(x).

PRrROOF. 13.1, Theorem 8 of [DF04]. O

LEMMA 0.1.20. For transcendental x, F'(z) consists of elements of the form f(x) = ZE? where h,g € F[X]

and. Under function composition, the only elements with inverses in F(x) are those of the form

N

ar +b
cr+d

where ad # be.
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Proor. For f(z) = hEa:; € F(z) (where g and h are relatively prime), suppose it has an inverse under
composition in F(z). Denote its inverse f~1. Define deg f as

deg f — degg degg>degh
degh degh > degg.

Notice that, when rational functions are composed in F(z), their degrees are multiplied. Hence, deg fof~! =
1 = deg f =deg f~! = 1. It follows that there exists a,b,c,d € F such that

ar+b
f(ac): cr+d
_ Cb—dy  —b(y—1)
=) = w—a a(gby_ 0
fYx) e F(z) < c¢/a+#d/b < ad # bc. 0

LEMMA 0.1.21 (Properties of Quadratic Residues and the Legendre Symbol). For odd prime p, let z € F),
(x 20 (mod p)) be a quadmtic residue if and only if there exists y such that y?> = x (mod p).

(1) InTF,, there are 52 quadratic residues.
(2) nF,, —1lisa quadmtzc residue if and only if p=1 (mod 4).

(3) For integer m € [1,p — 1], <1(1;’")) + (2(2;’")> ot <<”‘1)(§‘1‘m)> — -1

PROOF.

(1) Notice that 22 —a? = 0 (mod p) has precisely two solutions — {a, —a}. It follows that our full set

of quadratic residues is {1,22,..., (p21)2}
(2) Suppose p=1 (mod 4). Then by Wilson’s Theorem,

e () = (5]

Now, suppose there exists o such that 22 = —1 (mod p). Then, =1 (mod p), and, hence, by
Lagrange’s Theorem, p =1 (mod 4).

. . 7 o i_l
(3) Notice that, since (p) = <p>’

() S () 2 (-2 (0)-()

JjEF,/{1} jEF,

LEMMA 0.1.22. Consider a subgroup G < S,,. If G is 2-transitive and has a transposition (a,b), G = S,

ProOOF. Consider an arbitrary transposition (z,y). As G is 2-transitive, let f € G be an element for
which f(x) = a and f(y) = b. Then, f(a,b)f~* = (f(a), f(b)) = (z,y) € G. As S, is generated by the
transpositions, G = S,,. O

LEMMA 0.1.23. Let f € Z[X] be a monic polynomial. For prime p, let f be the reducation of f modulo p.
Call the splitting field of f over Q K and that of f over F, K. Then, Gal(K/F,) < Gal(K/Q).

ProOOF. Ch VII, Theorem 2.9 of [Lan02]. O

LEMMA 0.1.24. F is a field if and only if F[z] is a Principle Ideal Domain.
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PROOF. Suppose F is a field. Consider an ideal I C F[z]. If I = {0}, I = (0). Otherwise, choose
non-zero f € I with smallest degree. For g € I, we employ the division algorithm to note

9(x) = q(@)f(z) +r(z) = r(z) =g(x) —q(@)f(z) e I = r(z)=0.
Hence, I = (f). Now, suppose F[X] is a PID. Choose non-zero a € F'. Then, (a,z) = (f) for some f € F[z].
As a € (f), deg f = 0. As x € (f), there exists f~! € F such that ff 'z = = f € F*. Hence,
(f) = F[X], and there exists a=!,q € F such that e la+ gz =1 = ala=1 = a€ F*. O

LEMMA 0.1.25. For prime p and f € Z[z], denote f as the reduction of f modulo p. Then,
Zlz] . Z/pZlx]
(p.f() — (f(x)
PRrROOF. Let ¢ : Z/pZ[z] — Z[z]/(p, f(z)) be defined such that ¢(g) = r + (p, f(z)) <= g(x) =
q(z)f(x) + r(z) where deg r < def f. Noting that ¢ is a homomorphism, we proceed to show im(¢) =

Zla]/(p. f(x)) and ker(¢) = (F()). Since

(1) h(z) = h(z) (mod p) = h(z) — h(z) € (p) = h(z) — h(z) € (p, f(2))
(2) h(z) = q(2)f(z) +r(z) = h(z) —r(z) € (p, f(2)),

¢ is surjective. Suppose ¢(g(x)) = (f(z),p) and g(z) = ¢(@)F(@) + r(z). Then, r(z) = af(z) +bp = ()
(as 7 is reduced mod p) and g(z) = (@ + q(z))f(z) € (f(z)). Le. ker(¢p) = (f(z)). O

3. Rings & Geometry
LEMMA 0.1.26. If a ring R is a Unique Factorization Domain, then R[z] is a Unique Factorization Domain.

PROOF. Section 9.3, Theorem 7 of [DF04] O

LEMMA 0.1.27. For a field F' and irreducible, degree n polynomial f € F[x] with root o, Flx]/(f) = F(c).
PROOF. Consider the map ¢ : F[z] — F(«) defined by evaluation at .. Noting that

3) o(f(x)g(x)) = fla)g(a) = o(f(x))d(9(x))

(4) o(f(x) + g(x)) = f(a) + g(a) = o(f(x)) + d(g(x))

(5) o(1) =1

(6) O(f(2)) = an-10" 1+ tag = f(x) =ap12" - Fag

¢ is a surjective homomorphsim. Since f is minimal, g(a) = 0 <= f | g. Le. ker(¢) = (f), and, hence,
the desired result follows from the first isomorphism theorem. O

LEMMA 0.1.28 (Sum of Squares). In a ring R, the product of a sum of squares is a sum of squares.
PrROOF. Let a,b,c,d € R. Then,
(a® +b?)(c* + d?) = (ac — bd)* + (ad + be)?.

LEMMA 0.1.29. In R, the intersection of closed intervals is either a closed interval, a point, or the empty
set.

PRrROOF. If [a,b] C [¢,d] or [c,d] C [a,b], the result is apparent. If a < ¢ <b <d, [a,b] N [ec,d] = [¢,b]. If
a<b=c<d,[a,b]N]c,d] ={b},and a <b< ¢ <d, [a,b]N[c,d] = @. O
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LEMMA 0.1.30. Let R be integrally closed. Then, S™'R is integrally closed for any multiplicative subset S
of R.

PRrOOF. Consider a € Frac(R) (which is the same as Frac(S™!'R)) for which there exists monic f €
S~1R[x] such that
f(a):a"_i_?a";lan—l_;’_..._t'_?;o —=0.
Sp—1 S0
Since asy,_1---sg is a root of the monic polynomial

in R[z], we use that R is integrally closed to conclude
QSp—1-"*

%0 ¢ 1R,

Spn—1"*"80

as,_1-+So € R = a=

LEMMA 0.1.31. Let R be a Principle Ideal Domain. Then, R is integrally closed.

PROOF. We begin by noting that all PIDs are UFDs and, hence, GCD domains. Then, we employ what
is essentially the Rational Root Theorem to note if ¢ € Frac(R) where ged(a,b) € R, then

n n—1
(%) —l—an,l(%) +--+a=0 (a;€Rforalli=0,...,n—1)
implies b | a”. b must then be a unit, and, hence, ¢ = ab~! € R. O

LEMMA 0.1.32. Let f(x,y) = 2* —y’, where ged(i,j) = 1. Then, f is irreducible.

PROOF. Suppose f(z,y) = g(z,y)h(z,y). Then, f(t/,t') = 0 implies g(t/,t") or h(t/,t%) is the zero
polynomial. WLOG,

(7) g(xvy) = Z am,nxmyn

m—+n

(8) 0= Y amn

s=jm-+in
Suppose there exists m’,n’ such that
jm+in=jm' +n’ = jim—m') =i(n' —n).
Since ged(i,j) = 1, m = m/ (mod i) and n = n’ (mod j). Assuming i > j, m,m’ € {0,...,m — 1} and
m = m/. It follows n = n’. We may apply a similar argument when j > 4. Thus, g(x,y) is the zero
polynomial (contradiction!) O



Part 1

Group Theory



CHAPTER 1.1

Introduction To Groups

Problem 1. Check that the symmetric group is a group, i.e. that it satisfies all the group properties

Solution 1.
e Consider two elements g and h in S,,. Because both elements run from and to {1,2,3,...,n}, goh
also runs from and to {1,2,3,...,n}, and, because g and h are bijections, g o h is also a bijection.

Thus, goh € 5,
e Counsider the element I € S, such that for all a € {1,2,3,...,n}, I(a) = a. This element is the

identity
e Function composition is associative because f o (go h)(a) = f(g(h(a))) = (f o g) o h(a)
e The elements of a symmetric group are bijective functions from and to {1,2,3,...,n}. Since these

functions are bijective and run from and to the same set, we know the inverse of every element
must belong S,

Problem 2. If g, h € G, show that (gh)~! = h=1g~!

Solution 2. (gh)(gh)™" = ¢ = h~'g~'gh(gh)~" = h='g™" = (gh)~' = h~1g~"

Problem 3. Show that rigid motions have inverses; that is, if f is a rigid motion, then there is a rigid
motion g so that go f and f o g are both the identities

Solution 3. There are four possible rigid motions - rotations, translations, reflections, and glide reflections -
that each have their own inverse.

e The inverse of a translation by vector X is a translation by vector —X

e The inverse of a rotation by angle § with point P as the center is a rotations about point P by
angle —6

e The inverse of a reflection across any line is itself

e The inverse of a glide reflections across any line and by any vector Z is another glide reflection

across the same line and by the vector —

Problem 4. Explain why function composition is associative

Solution 4. Note that this is essentially the same as what was presented in Problem One but with more
detail

[f o (geoh)](a) = f((goh)(a))
= f(g(h(a)))
= [f o gl(h(a))
= ([fogloh)(a)
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Problem 5. Explain how to represent any reflection in D,, using just p and 7

Solution 5. Begin by noting that the elements of D,, are either rotations or reflections about the lines of
symmetry of an n-gon. The rotations are obviously all powers of p. The reflections are as follows:

For an odd n, each line of reflection passes through a vertex. Thus, one could simply rotate the object such
that it (the line of reflection) is directly on the line 7 reflects across, reflect it, and, then, rotate it back.
More specifically, if we consider a regular polygon with one vertex aligned on (0,1) and label each vertex
from 0 (This would be the vertex on (0,1)) to n — 1 clockwise, then a reflection across the line of symmetry
passing through vertex m would be p~™7p™ = 1p>™

For an even n, reflecting about the lines passing through the vertices would be the exact same, but reflecting
about those passing through the mid-points of the sides differ. Once again, consider a regular polygon with
one vertex aligned on (0,1) and label the mid points of each side from 1 to n clockwise. Then, a reflection
about the line passing through mid point m is simply 7p™

Problem 6. Given an element o € S,,, written in cycle notation, how do you determine its order easily?

Solution 6. Consider the element f € S, written below in cyclic notation:
f=a1—>a—a3s— - —ap— - —ay,

Below are the partial cycles of f™ for a fixed 1 < k < n, presented to demonstrate a trend.

fl=-ap = appr--
f2:...ak_)ak+2...
f3:...ak_)ak+3...
fn:...ak%ak_"_n...

From the definition of f, the partial cycle ap — ap,; already exists in f'. Now, suppose the partial cycle
ar — Appm—1 exists in f™~1. Then, upon multiplying f™~! with f, the partial cycle becomes ay — G qm.
Hence, for every positive integer m, f™ =---ax — Gpym -

Note that the partial cycle a, — a4 is equivalent to ap mod n —+ @¢ mod n for all p,q € Z and p,q > 1

Thus,
fn:...ak_>ak+n...:...ak_>ak...:e

I.e. the order of function consisting of a single cycle is the size of said cycle

For an element g € S, that isn’t a single cycle, we may consider the representation of g as the product of
multiple disjoint cycles. Let g = ajasas...a,. Since the cycles are disjoint, we know they commute, and,
hence, g™ = a*afaf...a". It’s now easy to see why m = LCM (|ay|, |az],|asl, ..., |an|) is the smallest

such m for which g™ =e

Problem 7. Let n be a positive integer, and let u, = {z € C: 2™ = 1}. Show that u, is a group under
multiplication. How many elements does it have?

Solution 7.
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1 is the identity element (Note that for all n, 1 is a root of 2™ — 1)

n
If o is an element of i, then ! = i, and, since <i> =L =1, o !is clearly an element of

an
220
Given two elements a and § in p,,, o x (3 is also an element of p, since (a X )" =a™ x " =1

Multiplication is associative

d

since - (2" —1) # 0 for all z € p,,, we know we have no repeated roots, and, hence, p1,, has exactly n elements.

Problem 8. For which elements o € S, is ¢ equal to its inverse ¢~ 1?

Solution 8.
1 2

o=0 " <= o°=¢
Clearly, any function with an order of two is equivalent to its inverse. Further, from the deductions of
Problem Seven, we know that these functions must be cycles of size of two or the product of disjoint cycles
of size two.

Problem 9. Let X be the shape formed by taking two regular tetrahedra of the same size and gluing them
together along a common face. How many symmetries does the resulting figure have?

Solution 9. Consider the triangular face shared by the two tetrahedra. The symmetries of this face would
also be the symmetries of shape X. Then, one could also reflect shape X about the plane face X lies on and
apply the same symmetries as before. Hence, the number of symmetries is 2 x |D3| = 12.

Alternatively, one could label the five different vertices of shape X and find the different permutations of
said vertices such that the relative distance between each vertex is maintained. Upon doing so, one would
find that there are 2 x 3 x 2 = 12 different possible symmetries.

Problem 10. What are all the rigid motions f such that f(0,0) = (1,0)?

Solution 10.

e The rigid motion e defined such that e(P) = P
e Any rotation about point (0,0)
e Any reflection about a line passing through (0,0)

Problem 11. What are all the rigid motions f such that f(0,0) = (1,0)?

Solution 11.

e A translation by the vector 7
e A rotation with centre (0.5, k) and angle § = 2tan~"(5)
e A reflection about line z = 0.5

When it comes to the glide reflections, the set of those that send (0,0) to (1,0) can be described as fol-
lows. First consider a circle with center (0.5,0) and radius % On said circle, pick any point « (other
than (0,0)), and we can draw a segment connecting (0,0) to a. The perpendicular bisector of this seg-
ment passes through (0.5,0), and, upon reflecting (0,0) by this line, we have a. The line passing through «

and (0, 1) is parallel to our line of reflection so we can simply translate « to (0,1). This is our glide reflection.

Problem 12. Z/nZ does not form a group under multiplication. However, it is possible to make a subset
of the elements of Z/nZ into a group under multiplication. What is the largest possible subset for which
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this works?

Solution 12. The group of integers modulo n under multiplication shall be defined such that every element
of the group is relatively prime to n. Associativity follows from multiplication, and the group is closed under
multiplication because if a and b are relatively prime to n, then ab must be relatively prime to n. The
identity element is obviously 1.

Inverses must also exists because, since a is relatively prime to n,
ra+mn=1 <= za=1+n(-m) <= 2za=1 modn < r=a"

and for the same reason, this is largest possible set for this to work.

Problem 13. Suppose that 7 and p are the standard reflection and rotation (respectively) in the dihedral
group Dg. Write p*rp7p? in the form 7%p°, where 0 <a <1 and 0 < b < 5.

Solution 13. p*rprp® = trptp~1p® = 12p% = e

Problem 14. Let 0,7 € Sg be the elements
(1 23456\ (123456
“\4 156 23 "7"\613425
Write the elements o and 7 in cycle notation. Compute o7 and 7o. Are they equal?

Solution 1/.

o = (146352)

T = (1652)

or = (135) (246)
To = (145) (326)

Clearly, o7 # T0.

Problem 15. We say that a group G is cyclic if there is some element g € G so that for each h € G, there
is some integer n so that g™ = h. (In other words, every element is a power of g.) Show that every cyclic
group is abelian. Can you find an abelian group which is not cyclic?

Solution 15.
(By the commutativity of addition) g™ o g2 = gtz = gnet — gn2 o g

As for a non-cyclic abelian group, consider the subgroup {e, p?, 7, 7p?} of Dy

Problem 16. Show that a dihedral group can be generated by two elements, each of which is its own inverse.

Solution 16. Consider the elements p7 and 7. 7 = 77! (it’s a reflection) and (p7)"! =771p~t = 7p~ ! = pr.

Further, since p77 = p, we may conclude both p7 and 7 are generators of D,,.

Problem 17. Show that every group of order 4 is abelian.
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Solution 17. Let’s assume there exists a group of order 4 that isn’t abelian. I.e. in a group G, there exists
distinct, non-identity elements a and b such that ab # ba. Then, we know {e, a,b, ab,ba} C G, which implies
|G| > 4 (contradiction!)

Problem 18. Let G be a finite abelian group with elements g1, ..., g,. Show that the product g9 ...g¢, is
equal to the product of the elements of order 2. Deduce Wilson’s Theorem, which says that if p is a prime,
then (p — 1)! = —1 (mod p).

Solution 18. The elements of order two and one are their own inverse. For elements of a greater order, there
exists an inverse distinct from the element itself. Begin by seperating the product of all elements in G into
the product of elements of order 2 and 1 and the product of elements of a greater order. Suppose g1 9o . .. gk
is the product of elements of order 2 and 1 while gxy1gkt2 - - - gn is the product of the other elements. Then,

9192 - 9n = (9192 - 9k) (Gr+19k+2 - - - Gn) = (9192 - - - Gk)
because for every g; (k+1 <1i < n), there exists g; (k+ 1 < j < n) such that (g;)~! = g;

Consider the group (Z/pZ)™ (Note that this is a group because p is prime). 2 =1 mod p = p|(z +
Dorpl(x—1) = x =1 modporz = —1 modp. We may then conclude that the product of the
elements of Z/pZ is 1 x —1 = —1 mod p. Le.

(p—1)!'=-1 modp



CHAPTER 1.2

Structure Of Groups

Exercise 1. Can you list all subgroups of D47

Solution.

o {e}

s {67/)2}7 {e, 7}, {e,7p}, {6,7’p2}, {67Tp3}
o {e,p,p% 0}, {e,p*, 7,70}

o {e,p,0%, 0%, 7, 7p,Tp%, TP}

Exercise 2. Consider the groups G and H. Check that G x H inherits associativity from G and H.

Solution. ((917h1)(92,h2)> (93, h3) = (919293, hihahs) = (g1, h1) ((gzyhz)(gzsﬁs))

Exercise 3. For a non-abelian group G, why is the map f : G — G where f(g) = g~! not an automorphism?
Solution. Assume f is a homomorphism and consider the arbitrary elements a,b in G. f(ab) = f(a)f(b) =
a b= and f(ab) = (ab)~* =b~1a"t. Hence, a b1 =b~"la™! = ba = ab. G is, therefore, abelian.
Problem 1. Show that if G and H are finite groups, and G = H, then |G| = |H|. Find an example to show
that the converse is false.
Solution 1. Since G = H, there exists a bijective map f : G — H (f is also a homomorphism but that
doesn’t matter). Thus, |G| = |H|. The converse doesn’t hold because |Dg| = |Z/12Z] = 12 but Dg isn’t
isomorphic to Z/12Z (Dg isn’t abelian but Z/127Z is).
Problem 2. Show that G x H = H x G.
Solution 2. The isomorphism f : G x H — H x G is defined as follows:
#(tom) = o)

f is clearly a homomorphism because

f<(917h1)(92, h2)> = f((g1927h1h2)> = (h1h2, g192)
and

f<(91>h1)>f((927h2)> = (h1,91)(h2, 92) = (h1h2, g192).

Further, since the function simply swaps g and h, it’s clearly bijective.

17
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Problem 3. Show that if H, K < G, then H N K < G. Show that H U K is not necessarily a subgroup of
G.

Solution 3. Suppose a,b € HN K. Then, a,b € H and a,b € K, and, hence, ab € H and ab € K (by the
closure of H and K), which implies ab € H N K. Further, a=! € H and a~! € K, and, hence, a™! € HN K.
Thus, H N K is a subgroup of G. Now, consider H and K such that H isn’t a subset of K (and vice versa).
Then, there exists a € H such that « ¢ K and b € K such that b ¢ H. ab € H U K implies ab € H or
ab € K. Without loss of generality assume ab € H. Then, a~!(ab) = b € H (contradiction!). Thus, for our
chosen H and K, H U K can’t be closed. As an example of such H and K, consider the subgroups {e, p?}
and {e, 7} of Dy

Problem 4. When is the function f : G — G given by f(g) = g®> a homomorphism?

Solution 4. f(g192) = 91920192 = 9595 = f(g1)f(g2) if and only if gog1 = g1g2. Thus, G must be abelian.
Problem 5. We showed that if f: G — H is a homomorphism and ¢g € G has order n, then f(g) € H has
order < n. Show that the order of f(g) divides n.

Solution 5. Let m be the order of f(g) and n = gm + r (where 0 < r < m). Then,

Flg™) = (f@)" = (f@)"™ (f9) =e = r=0

Problem 6. Is every subgroup of G; X G2 necessarily of the form H; x Hy, where H; < G and Hy < G597
Give a proof or find a counterexample.

Solution 6. Consider the group Z x Z and its subgroup S = {(z,z) : © € Z}. Here, if S could be broken into
Hy x Hy (where Hy, Hy < 7Z), Hi, Hy = 7, but we can see that S # Z x Z.

Problem 7. Let p be a prime, and let G = (Z/pZ) x (Z/pZ). How many subgroups of order p does G have?
What if G is a product of n copies of Z/pZ, for n > 27

Solution 7. For our solution, we’ll skip straight to the generalization. In (Z/pZ)", there are p™ — 1 elements
of order p, and for every group generated by one of these elements, there exists p — 2 other elements that
generate the same group (by Lemma 0.1.1). Thus, there exists

-1

pn_l_n ;

p—1 —Zp
i=0

subgroups of order p

Problem 8. Let f : G — H be a homomorphism. Show that ker(f) < G and im(f) < H. (In other words,
the kernel and image are subgroups are G and H, respectively.)

Solution 8. Let g1,g2 € ker(f). Then f(g192) = f(91)f(92) = em, which implies g1g2 € ker(f). Further,
flgrh = (f(gl))_1 = ey and, hence, g7 ' € ker(f). Thus, ker(f) < G. Let hy, ho € im(f). Then, there ex-
ists g1 and gy such that f(g1) = hy and f(g2) = ha. f(g192) = f(91)f(g2) = h1ho and, hence, h1hs € im(f).
Further, f(g7") = (f(91))"" = h7! and, hence, h7* € im(f). Thus, im(f) < H.

Problem 9. Let f: G — H be a homomorphism of groups. Prove that
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(1) f is injective if and only if ker(f) = {e¢}
(2) f is surjective if and only if im(f) = H

Solution 9. To prove claim 1, we begin by considering the contrapositve. The contrapositve holds from the
definition of injectivity (if ker(f) is non-trivial, then there exists distinct a,b € G such that f(a) = eg = f(b).
Le. f is not injective). We now consider the inverse. If f is not injective, then there exists distinct a and b
such that f(a) = f(b) = f(a)(f(b)) " =eyw = f(ab™') = ey. Since a and b are distinct, ab~! # ¢
and, thus, | ker(f)| > 2. Hence, claim one holds true. Claim 2 holds true from the definition of surjectivity.

Problem 10. Prove that a homomorphism f : G — H is an isomorphism if and only if there exists a
homomorphism f~!: H — G with (f_l o f)(g) =g for all g € G, and (f o f_l)(h) =hforall h € H.

Solution 10. Let f be an isomorphism. Because f is a bijective map, we know there exists an inverse, bijective
map f~! that must be a homomorphism because f=1 (f(a)f(b)) = f= (f(ab)) = ab= f= (f(a)) f~L(f(b)).
Now, suppose for a map f, there exists an inverse f~! that is a homomorphism. The existence of an inverse
guarantees that f is bijective and, through the same argument above, we may conclude f is a homomorphism.

Problem 11. Show that Aut(G) is a group. Show that Inn(G) < Aut(G).

Solution 11.

e Mapping composition is associative, and, for the same reason, the composition of automorphisms
is as well

e Let f,g € Aut(G). Then, f o g is an automorphsim because ¢ (f(g192)) = g (f(g1)f(g92)) =
g(f(g91)) g (f(g2)) and because the composition of bijective functions is bijective.

e The identity element is the automorphism f, defined such that f(g) = g for all g € G

e Since all automorphisms are isomorphisms, there must be an inverse for every element by Problem
10.

Inn(G) is a subset of Aut(G). Thus, we need only show that closure holds and inverses exists to prove Inn(QG)
is a subgroup of Aut(G).

° (‘ph1§0h2)(g) = h;lhglghghl = (h2h1)_1g(h2h1) = ©Ohyhy (g) (Closure)
o (¢n,)"H(g) = haghy' = gphl_l(g) (inverse)

Problem 12. If o0 € S, is a permutation, then its cycle type is the sequence (ai,as,...,a,), where a; is
the number of cycles of length ¢ in the cycle decomposition of o (written in cycle notation).

(a) Let o be the i-cycle (z1,...,x;), written in cycle notation. For any 7 € S,,, show that To77! =

(t(z1), ..., 7(x3)).

(b) Show that for any 0,7 € S,,, 0 and 707! have the same cycle type.

(¢) Conclude that if ¢ is an automorphism of S,,, and there is some o such that o and ¢(o) have
different cycle types, then ¢ is an outer automorphism.

Solution 12.

(a) Consider an object x,, such that o(z,,) = ¥pmi1. Then, (ro7 Y (7(2n)) = T(o(r7H(2m)))) =
7(2pmy1). Similarly, if we consider an object j such that o(j) = j, then (ro7=1)(7(5)) = 7(o(r71(7(j
7(4). Hence, To7=t = (7(x1), 7(22), 7(x3), . . ., 7(;))

(b) We know that o has one i-cycle and n — i one cycles, and, from (a), we know that 707! also has
one i-cycle and n — ¢ one cycles. Thus, the two permutations must have the same cycle type.

(c) (b) tells us that if we consider any inner automorphism ¢, : S,, — S,, then the cycle types of

p-(0) and o are the same. By considering the contrapositive, we have the desired result.
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Problem 13. Observe that in the direct product G x H, every element of the form ((g, ep)) commutes with
every element of the form (eg,h). There is a related construction where this is not the case. Let G and H
be two groups, and suppose that ¢ : H — Aut(G) is a homomorphism. We define the semidirect product of
G and H (with respect to ¢) to be the group whose underlying set consists of all elements of the form (g, h),
where g € G and h € H, and whose multiplication is defined by

(91, h1) (92, h2) = (g1 - ¢(h1)(g2), haha).

We call this group G x4 H, or, when ¢ is understood, G x H

(a) Show that G x4 H is a group

(b) Show that if ¢ is the trivial homomorphism, then G x4 H = G x H

(¢) Show that if ¢ is not the trivial homomorphism, then there are elements of the form (e, k) and
(g, en) that do not commute with one another.

Solution 13.

(a) If we consider two arbitrary elements (g1, h1) and (go, ha), then g1¢(h1)(g2) € G and hihy € H.
Hence, (g1¢(h1)(g2), h1h2) belongs to the underlying set G x H, and we may conclude G x H
is closed. The identity element is (eq,en) since ¢(eq) is always the identity automorphism and
#(h)(eq) = eg. The inverse of an element (g,h;) must be (z,h;') where ¢(hi)(x) = g;'. Note
that we know such z exists because ¢(h1) is an automorphism. Associativity holds because

- ((gl,hl)(QQah2)>(g3vh3)

= (916(h1)(g2)p(h1h2)(g3), h1hahs)
= (916(h1)(g2)¢(h1)(¢(h2)(g3)), h1hahs)
= (910(h1)(g20(h2)(g3)), h1hahs)

= (gl’hl)((gzy hz)(gs’/w))

(h
(7
ha

(b) Given that ¢ is the trivial homomorphism, then ¢ must map all h € H to the identity automorphism
— an automorphism f : G — G defined such that f(g) = g. Now, consider two arbitrary elements
(a,b) and (c,d) in G x H. Then (a,b)(c,d) = (ap(b)(c),bd) = (ac, bd), implying both the operation
and underdlying set of G x H is the same as those of G x H. Alternatively, we could say the
mapping that maps elements of G x H to themselves in G x H is a homomorphism.

(c) Consider the elements (eq,h)(g,en) and (g,em)(ec, h).

(9) (9, en)(ec, h) = (9¢(em)(eq), enh) = (g, h)
(10) (ec; h)(g,en) = (eap(h)(9), hen) = (¢(h)(g), h)

In equation 2, since ¢ isn’t the trivial homomorphism, there exists h and g such that ¢(h)(g) # g.
Suppose we chose such h and g. Then, (g,ex)(eq,h) # (ec, h)(g,em).

Problem 14. Show that there is a homomorphism ¢ : Z/27Z — Aut(Z/nZ) with ¢(1 + 2Z)(k + nZ) = —k
(mod n). Show that, for this ¢, we have (Z/nZ) x4 (Z/2Z) = D,,.

Solution 14. Consider the homomorphism ¢ : Z/27Z — Aut(Z/nZ) defined such that ¢(0) = e and ¢(1) =g,
where ¢ is the automorphism that maps elements to their inverse (g(k) = —k (mod n)). To verify that ¢
is, in fact, a homomorphism, consider the four pairs of elements in Z/2Z. When a =0or 1 and b=1o0r 0
respectively, ¢(ab) = ¢(a)d(b) = g, and, when a = 0 and b = 0, ¢(ab) = ¢(a)p(b) = e. Finally, when a = 1
and b= 1, ¢(ab) = e = g* = $(a)p(b)
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To prove that Z/nZ x4 Z/27 = D,,, we consider the map f : Z/nZ x4 Z/2Z — D,, defined such that
f((m,n)) = p™r".

f((a,b)(c, d)) = f((aq’)(b)(c)’bd)) _ pa+¢(b)(0)7b+d
F((a,0) £ (e, d)) = por*per

Since we're trying to check whether f((a,b))f((c,d)) = f((a,b)(c,d)), by cancelling p® and 7¢, we need only
check that 70p¢ = p?(®(©)7rb Suppose b = 0. Then, 7°p¢ = 70p¢ = p¢ and p?@ ()70 = p¢. Suppose b = 1.
Then p¢MO 71 = p=¢r = 7p°

f((m,n)) =e = (m,n) = (0,0), and, thus, ker(f) = {e}. Further, since |Z/nZ x4 Z/2Z| = 2n = |D,,|,
we may conclude f is bijective.

Problem 15. Call a 2-cycle in S, a transposition. We know that transpositions generate S,,, so that every
element can be written as a product of transpositions. However, this representation is very far from being
unique, and there is no standard way of writing an element as a product of transpositions. Nonetheless,
there is one very important invariant to be found in the number of transpositions needed to form a per-
mutation . Show that if ¢ can be written as a product of an even number of transpositions, then every
representation of o as a product of transpositions contains an even number of transpositions. Similarly, if o
can be written as a product of an odd number of transpositions, then every representation of o as a product
of transpositions contains an odd number of transpositions. Show that the permutations that can be writ-
ten as an even number of transpositions form a subgroup of S,,, called the alternating group and denoted A,,.

Solution 15. We know that the identity element can’t be written in terms of exactly one transposition, but
we do know that it can be written in terms of two. For example, (ab)(ab) = e.

Suppose we can write e of the form,
€ = Q10203 ...0y,

where «,,, is a transposition.

Now, look at only the elements a1 = (a,b) and «y. We can divide the possible values of asy into four possible
cases: ag = (a,b) or (a,c) or (d,b) or (¢,d) where ¢,d ¢ {a, b}

(a,b)(a,b) =¢

(a,b)(a,c) = (b,a,c) = (¢,b,a) = (c,b)(b,a)
(a,b)(d,b) = (a,b,d) = (b,d)(d,a)
(a,b)(c,d) = (¢,d)(b,a)

In the case where ag = (a,b), then we know e can be written in terms of n — 2 transpositions since ajas = e.
For all other cases, we know that we can re-write the transpositions in a form where a is shifted to the right.
Let’s say upon doing this, e = 81823 ...a,. Then, we may simply repeat the process and consider the pair
of transpositions 82 and ag. If their product is the identity, then we again know that we can write e in terms
of n — 2 transpositions. If not, then we can consider the next pair of elements

Now, suppose keep end up shifting a to the right such that it is on the very end of e. Le. e = 815205 ... (x, a).
This contradicts the fact that e is the identity since e(a) # x. Hence, given e can be written in terms of n
transpositions, then we know it can be written in terms of n — 2 transpositions. Further, since e can’t be
written in terms of one transposition, we know n must be even.

Now consider an arbitrary permutation ~, written in two different forms using transpositions:
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Y = aja2as ... an,

Y= b1b2b3...bm

Since Yy ™! = a1a203. .. apby . .. b3baby = e, we know that e can be written in terms n + m transpositions,

and, because n + m must be even, we know n and m must both be odd or even.

Now, consider the subset A4,, of even permutations in S,,.

e Since the product of two even permutations is simply the product of the transpositions that make
up each permutation (in the correct order, of course), then we know that the product of two even
permutations is another even permutation.

e The inverse of an even permutation is another permutation with the same transpositions but written
backwards (The last transpositions is in the front and the first is in the back). Thus, this inverse
must also be an even permutation that may be written through the same number of transpositions.

Thus, A, must be a group.

Problem 16. Show that the group of symmetries of a tetrahedron is isomorphic to Sy. Show that the group
of rotational symmetries of a tetrahedron is isomorphic to Ay.

Solution 16. Consider a tetrahedron and number its four vertices. Every symmetry of the tetrahedron may
be defined as a permutation of those vertices, and, hence, all symmetries correspond to elements of Sy.
Specifically, for all  in the group of symmetries of a tetrahedron, we define a map f to Sy such that f(z) is
the permutation of vertices produced by the action of x on the vertices of the tetrahedron. It’s easy to see
why f is a homomorphism, and f is injective because if we have two symmetries that send each vertex to
the same place, then they must be equal because symmetries are defined by where they send 3 points. Upon
noting that there are 4! = |S4| symmetries of a tetrahedron, we may conclude f is an isomorphism.

We know that all rotations of a tetrahedron can be seen as fixing one of the vertices and rotating the
opposing face. Thus, f must send all rotations (barring the identity) to 3-cycles (elements of A4), and, sim-
ilarly, all 3-cycles are mapped to rotations under f~! (barring the identity). The required result then follows.

Problem 17. Show that the group of rotational symmetries of a cube is isomorphic to Sy (What 4 objects
get permuted?). Show that the group of all symmetries of a cube is isomorphic to Sy x Z/27Z.

Solution 17. Consider a cube and number its four long diagonals. By permuting these diagonals, we may
construct a map f to Sy. f is clearly an isomorphism through the same (or almost the same) argument of
Problem 19. Further, since we may obtain all symmetries of the cube by considering the rotational symme-
tries along with a single reflector (any reflection about a plane of symmetry of the cube) multiplied with the
rotation symmetries, we may conclude that the group of all symmetries of a cube is isomorphic to Sy x Z/27Z.

Problem 18. For each cycle type in Sg, how many elements of Sg have the same cycle type?

Solution 18.
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Cycle Types | Number of Elements in Conjugacy Classes of Sg

(0,0,0,0,0,1) 8 =51=120
(1,0,0,0,1,0) 8 =144
(0,1,0,1,0,0) 1 x(6x5x4x3)=90
(2,0,0,1,0,0) L x(6x5x4x3)=90
(0,0,2,0,0,0) 12 X (6 x5 x4) x 3 =40
(1,1,1,0,0,0) % (6x5x4)x3=120
(3,0,1,0,0,0) 3% (6x5x4) =40
(0,3,0,0,0,0) 2 X (6x5x4)x (4x3)=15
(2,2,0,0,0,0) 2% (6x5)x (4x3)=45
(4,1,0,0,0,0) 1 x(6x5)=15

(6,0,0,0,0,0) 1



CHAPTER 1.3

Quotient Groups

Exercise 1. Prove Euler’s Theorem: if a is relatively prime to n, then a®™ =1 (mod n)

Solution. Consider the group (Z/nZ)*. We know that the order of (Z/nZ)* is ¢(n), and, by Lagrange’s
Theorem, a®™ =1 (mod n)

Exercise 2. The condition for normality is sometimes written as g "' Hg = H, or as gH = Hg. Show that
these are equivalent to our first definition of normality: A subgroup H of a group G is said to be normal if,
for any g € G and h € H, g~'hg € H.

Solution. Let H be a normal subgroup according to the first definition. Then, consider an element h € H
and an arbitrary g € G. Since g~*(ghg~')g = h and ghg~! € H, H C g~'Hg. Upon noting g"'Hg C H
(from our first definition of normality), we have that g 'Hg = H or Hg = gH. Now, suppose, for our
normal subgroup H, H = g~ 'Hg by definition. Then it follows that ¢~ 'hg € H.

Exercise 3. Let H < D3 be the subgroup of rotations. Then, consider the map ¢ : Ds/H — 7Z/27, where
¢(H) =0 and ¢(7H) = 1. Show that ¢ is an isomorphism.

Solution. The proof required for this exercise can be easily generalized to a slightly stronger statement, and,
so, we present the generalization instead. All groups of order 2 are isomorphic to Z/2Z! Let G = {e,a} be a
group such that |G| = 2. Then, consider the map ¢ : G — Z/27Z, defined such that ¢(e) = 0 and ¢(a) = 1.
We need only show ¢ is a homomorphism since it’s apparent that it’s a bijective. We do so by considering
the four pairs of elements of G.

p(aa) = ¢(e) =0=1-1= ¢(a)p(a)

Since |D3/H| = $ = 2 = |Z/2Z|, the required result follows.

Problem 1. Show that, for n > 2, |A,| = 2.

Solution 1. Let the set of all odd permutations in S,, be Odd,,. Now, consider the mapping f : A,, — Odd,,
where f(a) = aa for a fixed « € Odd,,. We can show that f is injective because f(a) = f(b) = «a =
ab = a = b, and, we can see that it’s surjective because, for any arbitrary 8 € Odd,, f(a™'8) = 8.
Thus, the cardinality of both sets are equal, and, since A,, and Odd,, are mutually exclusive an exhaustive,

we know 2|A,| =n! = [A,|=%.

Problem 2. Describe the groups Q/Z and R/Q as well as you can.

24
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Solution 2. The elements of Q/Z contain only elements of the form z + Z where 0 <z < 1 and z € (Q —
(Z—{0})). Since Z is normal, we know that addition of cosets is defined and closed: ©+Z+y+Z = (z+y)+7Z

For R/Q, similarly, the elements can be represented in the form x + Q where 0 < z < 1 and z € (R — Q).
Closure holds just as it does above, and both quotient groups are of an infinite order.

Problem 3. Suppose that H, K < G, and that H N K = {e}. Show that if h € H and k € K, then h and
k commute.

Solution 3. h~1khk=' € HN K. Thus, h"*khk~! = e = kh = hk

Problem 4. Let G act on a set X, and let z € X. Show that there is a bijection between the cosets of the
stabilizer G, of x and the elements of O(z), the orbit of x (Prove the Orbit—Stabilizer Theorem).

Solution 4. Consider the map f: G/G, — O(x) such that f(9G.) = gx. Now, suppose gG, = ¢'G,. Then,
Gy =9 '¢G, = g7 '¢ € G,. Thus, g7 '¢gz = = ¢’z = gx. Le. fis well defined. f is surjective
because for any y € O(x), there exists g such that gz = y, and, thus, f(gG.) = gz = y. [ is injective

because f(91Gz) = f(92Gr) = g1 = gox —> x = gflggx. Hence, gflgg € G, and ¢1G, = g2G,. For
finite groups, we may then conclude that c% = O(x).

Problem 5. Write down all the normal subgroups of Dy and Ds. For the normal subgroups, identify the
quotient as being isomorphic to a more familiar group.

Solution 5. All normal subgroups must be the union of conjugacy classes (where the identity is always

included). Thus, an effective way to narrow down the normal subgroups of any group is to list all conjugacy
class and test whether the unions of the different combinations of them satisfy the group axioms.

Conjugacy classes of Dy: {e}, {p, 0%}, {p*}, {7, 70%}, {79, 70}
Normal subgroups of Dy: {e}, {e, p*}, {e,p, 0% p°} {e, 7,0, 79}, {e, p*, 7p% 7p}, Dy
Conjugacy classes of Ds: {e}, {p, p*}, {p%, 0%}, {7, 7p, 792, 793, 7p*}

Normal subgroups of Ds: {e}, {e, p, p?, p%, p*}, D5

Quotient Group | Group Isomorphic to it
D4/{€} D4
Dy/{e, p*} 7.)27 x 7./27
D4/{67P7P27P3} Z/QZ
D4/{€,T,p2,7'02} Z/QZ
Dy/{e, p?,p% Tp} Z/2Z
Dy/Dy Trivial Group

TABLE 1. Groups Isomorphic to the quotient groups of Dy

Problem 6. Suppose K < H and H < G. Then K is a subgroup of G. Is it necessarily normal? Prove or
give a counterexample.
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Quotient Group ‘ Group Isomorphic to it

D5/{€} D5
DS/{€7P7PZaP3794} Z/QZ
Ds/Ds Trivial Group

TABLE 2. Groups Isomorphic to the quotient groups of Ds

Solution 6. Let G = Dy, H = {e,7,p?,7p*}, and K = {e,7p?}. Then, H < G and K < H, but K is not
normal in G because Tprp?(1p) "t = Tprp?p3r =TpTPpT =T ¢ H

Problem 7. The commutator subgroup [G, G] of G is the subgroup generated by all elements of the form
[g,h] := ghg=*h~1 . (So, it contains all products of elements of the form [g, h]). Show that [G,G] < G, and
that G/[G, G] is abelian.

'rgr) =glgt Y €
[G,G]. Thus, [G,G] is normal. Now, consider the element gh|G,G| € G/|G,G|. Vz € |G,G], ghx =
hg(g~*h=ghz) = gh|G,G] C hg|G,G]. The same argument can be made to show that hg[G,G] C
gh|G, G]. Hence, hg|G, G] = gh|G, G], implying G/[G, G] is normal.

Solution 7. Consider an arbitrary element g € [G,G]. For all, 7 € G, 7 1gT = g(g_

Problem 8. Let G be a finite group. Suppose that C1, ..., C, are the distinct conjugacy classes of G. Show
that |G| = >\, |Ci| . If C, ..., C}, are the conjugacy classes of size 1, show that Z(G) = Ule C;, and hence
that

Gl=12@)+ Y 16.

j=k+1

Solution 8. Since conjugacy is an equivalence relation, the conjugacy classes (which are equivalence classes)
partiton G. It then holds that |G| = >_;_, |Ci|. Let z € Z(G). Then, g~ lzg =29 g =2 = Z(G) C
Ule C;. Let y € Ule C;. Then, forallg € G, g lyg =y = yg =gy — Ule C; C Z(G). Thus,
k

C; = Z(G) and
i=1

1=
T

U e

i=k+1

r

U e

i=k+1

|+ =|Z(G)|+ = |G|.

Problem 9. Show that if |G| is a prime power (i.e. p™ for some prime p and integer n), then Z(G) is
nontrivial (i.e. —Z(G)| > 1).

Solution 9. Consider a group G with an order of p™. We know that

U a

i=k+1

1Z(G)] + =G|

When considering the action of G on itself by conjugation, the orbits of G are the conjugacy classes. Thus,
the order of all conjugacy classes must divide |G| (Orbit-Stabilizer Theorem), and the order of any non-

U ¢

i=k+1

singleton conjugacy classes are powers of p. Then, because p divides and |G|, p divides |Z(G)|.

Hence, Z(G) > 1.
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Problem 10. Suppose that G is a group and H < G. Show that there is a bijection between subgroups of
G/H and subgroups of G that contain H.

Solution 10. Consider a subgroup N of G/H. The union of the cosets of N is a subgroup of G containing H.
Let the union of cosets be K. Then, consider gihi, gohs € K. g1higaha = g1g2hiha € K (Closure). Further,
(g1h1)~r = h=tg~! = g71h" € K (Inverses). Lastly, since H € N, H C K. We now consider the function
f from the subgroups of G/H to G, defined such that, for every subgroup N (of G/H), f(N) = |J i. The

ieN
inverse map would simply be f~1(A) = A/H (where H < A < G). Since f~! exists, we may conclude f is
bijective. Further, note that order of f(N) = |N||H]|.

Problem 11. Show that if |G| = p" for some prime p, and k > n,then G has a subgroup H with |H| = p*.

Solution 11. Consider the arbitrary non abelian p-group G where |G| = p” and its center Z(G). From
Problem 10., we know that Z(G) is non trivial, and, hence, it has an order of p* where 1 < k < n.
For all p-groups there exists a subgroup with an order of p° = 1: the one consisting of only the identity
element. Now, assume (inductive hypothesis) that for any p-group with an order less than p”~!, there exists
a subgroup of order p™ for all m <n — 1.

By the inductive hypothesis, we've already covered all subgroups of G up to orders of p* since all subgroups
of Z(G) must be subgroups of G. Consider the group G//Z(G) with an order of p"~*. Once again, since
p"F < p", we know that G/Z(G) has a subgroup for all n — k + 1 divisors of p"~* by the inductive hy-
pothesis. Further, we can use the bijection f (from Problem 11.), from the subgroups of G/Z(G) to the
subgroups of G containing Z(G), to show that VK < G/Z(G), |f(K)| = |K||Z(G)| = p*p* = p*T* where
0 < a < n — k. Thus, there must exists subgroups in G of the orders p¥, pF+1, ... p".

This results also holds for abelian p-groups, and the proof would be the exact same but using a non-trivial,
proper subgroup H instead of Z(G).

Problem 12. Show that if G/Z(G) is a cyclic group, then G is abelian.

Solution 12. Since G/Z(G) = (zZ(QR)), 9Z(G) = 2™ Z(G) = z ™g € Z(G) = 3z € Z(G), z =
r™Mg = Mz =g.

Now consider two arbitrary elements h = 2%z and k = 2%z in G (where 21,20 € Z(G) )

hk = 2%212%29

= 2% 2
= 2%2%292,
= 2212

=kh

Hence, G must be abelian.

Problem 13. Show that if p is a prime, then any group of order p? is abelian.

Solution 13. Let G be a group such that |G| = p®. Then, |Z(G)| € {p,p?} (Problem 10.). If |Z(G)| = p?,
G = |Z(G)|. Le. G is abelian. If |Z(G)| = p, then |G/Z(G)| = p and, hence, |G/Z(G)| is cyclic, which
implies G is abelian.
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Problem 14. Show that G/Z(G) = Inn(G).
Solution 14. We can construct a homomorphism f : G — Aut(G) where Vg € G, f(g) = ¢g.

For any g € Z(G), ¢4(h) = ghg ' = h = ¢, = e. Thus, ker(f) = Z(G), and, from the definition of f,
Inn(G) = im(G).

Hence, by the First Isomorphism Theorem, G/Z(G) = Inn(G).
Problem 15. Lagrange’s Theorem states that if H < G and G is a finite group, then the order of H divides
the order of G. However, the converse is false: if n divides |G|, there is not necessarily a subgroup of G of

order n. Show that A4 (which has 12 elements) does not have a subgroup of order 6.

Solution 15.

Conjugacy Classes of A, (barring the identity)

(1,2,3),(1,3,4),(1,4,2),(2,4,3)

(1,2,4),(1,3,2),(1,4,3),(2,3,4)

(12)(34), (13)(24), (14)(32)

A subgroup of A4 with order 6 would have to be normal (because its index is 2), which implies it must be
the union of some conjugacy classes. But no such conjugacy classes exist as one might notice from the above
table (There aren’t any conjugacy classes whose orders sum to 5).

Problem 16. Let a finite group G act on a finite set X. Write X/G for the set of orbits in X, and X9 for
the set of elements of X fixed by g € G, i.e. X9 ={z € X : g -2 =x}. Show that
G| > |X/G| =Y |X7].
geG

This result is sometimes called Burnside’s Lemma, even though it is due to Cauchy. It is also sometimes
called “the Lemma that is not Burnside’s.”

Solution 16.

Z|Xg|:2|{x€X: gr = x}|

geG geG
=H{(z,9) € X xG: gz =z}

:Z|g€G: gz = x|

zeX

= > 1G]

zeX

1

=Gl ) =
I;(IO(CC)\
=G > 1

ke|X/G|
= |G| x | X/G]
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Problem 17. Use Burnside’s Lemma to count the number of ways to color the edges of a hexagon each
either red or blue, where two colorings are considered the same if one is a rotation of the other.

Solution 17. Consider the subgroup of Dg consisting of only rotations: H = {e, p, p2, p?, p*, p°}. To find the
total number of distinct colour combinations where two hexagons are the same if one can be rotated onto
the other, we simply need to find the total number of orbits in set X - the set consisting of all 26 coloured
hexagons - when acted upon by H.

3 et = e et e et e e
heH

Begin by numbering the vertices of a regular hexagon clockwise. To find ‘X P ‘, our goal should be to find the

number of hexagons in X that are unchanged by p. We know that these hexagons must have consecutive
sides of the same colour, and, thus, there can only be two hexagons invariant under this rotation. Similarly,
for p?, the permutation of the sides is (135)(246), implying sides 1,3, and 5 are of the same colour and sides
2,4, and 6 are of the same colour. Hence, there are 2 x 2 = 4 number of invariant hexagons under this
rotations

Using the same argument for each case, we have

> ‘Xh‘:2+4+8+4+2+26:84
heH

and, by Burnside’s Lemma,

4
% =14 =|X/H|

Problem 18. Use Burnside’s Lemma to show that there are

1 .

2—4(716 +3n* + 1203 4 8n?)

ways of coloring the faces of a cube with n colors (not all the colors have to be used), if two colorings are
considered equivalent if you can rotate one to get the other.

Solution 18. We can make a similar argument to that of Problem 19. by considering the various types of
rotations of a cube. Specifically, we can make three major groups of rotations:

(1) Rotations about an axis passing through the centres of opposite faces

(2) Rotations about an axis passing through two vertices

(3) Rotations about an axis passing through the mid-points of edges.

Consider the above cube and one its axes (the dashed line). There are three possible rotations about this
axis; two of which take a face to its adjacent face and one of which take a face to its opposite face (all three
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fix the faces the axis passes through). Thus, there are 2n® + n* possible cubes that are unchanged by the
rotations about this axis. Further, there 3(2n® + n*) possible cubes unchanged by all rotations of category
1 since only three distinct axes pass through the centres of opposite faces.

Once again, consider the above cube and the axis shown. A rotation about this axis fixes no face and always
sends one face to an adjacent face that it shares a vertex with (this vertex is always one of the two vertices
the axis passes through). Hence, there are two possible rotations that leave 2n? cubes fixed. Further, there
are 4 possible axes that allow for rotations of category 2, and, hence, 8n? cubes are fixed by the rotations of
category 2.

Using, a similar method with axes of category three, we find that 6n® cubes are fixed.

Overall,

3 1X9] = 3(20% + n*) + 8n® + 6n° +n = n® + 3n* + 120° + 80
geG

where X is the set of all n® coloured cubes and G is the group of rotations of the cube.
Hence, by Burnside’s Lemma,

1
24 x |X/G| = n® 4 3n" +12n° + 8n® = |X/G| = S (n° + 3n" + 120" + 8n%)

Problem 19. How many graphs are there on four vertices, up to isomorphism?

Solution 19. For simplicity, it might help to think of every simple graph with four vertices by fixing the
vertices to form a square shape. Then, we may draw lines between the various vertices of the square to create
any graph. Clearly, it’s possible to generate all possible graphs upto isomorphism like this, but, within the
set of square graphs, there will be graphes that are isomorphic to each other. In fact, if we consider the
action of S on these squares, then the orbits contain squares that are isomorphic to each other. Hence, our
goal is to find the total number of orbits.

Since all elements of the same conjugacy class fix the same number of elements, we can simply take an
example from each of the five conjugacy classes, find the elements of X that are fixed by this example, and
multiply by the number of elements in said conjugacy class. Upon doing so, we find there are

1 264

geG

simple graphs up to isomorphism.
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Problem 20. Show that the 15 puzzle is not solvable.

Solution 20. Our goal is to show that it is impossible to solve the below puzzle:

1 2 3 4

13 15 14 E

For all jumbled start positions with a solution, we know that it’s possible to move the tiles from the start
position back to the jumbled position, and, further, we know that all valid moves can be represented as a
product of transposition involving the empty position. For example, to represent the move switching 15 and
E (the empty position), we’ll use the transposition (E,15). The product of multiple of these valid moves
results in a permutation, who’s action on the Fifteen Puzzle in its solved state creates a solvable jumbled
state.Since the empty position has to start and end at the same place, we know that it’s journey while moving
from the solved position to the jumbled position (or vice verse) must include an up for every down and a left
for every right it makes. Thus, for any o € S that takes a jumbled position to a solved position, we know
that it must be able to be represented as a product of even transpositions containing E. In other words, all
jumbled positions that require an odd permutation to take it to the solved position are not solvable. Thus,
the puzzle requiring us to switch 14 and 15 is impossible to solve.



CHAPTER 1.4

Group Actions & The Sylow Theorems

Problem 1. Show that there is an injective homomorphism f : S, X S, = Sian-

Solution 1. Suppose we let the elements of S, x S, act on the two sets of objects {1,2,3,...,m} and
{m+1,m+2,...,m+ (n—m)}. Specifically, the element (o1,02) acts by letting o1 permute the objects
{1,2,3,...,m} and oy permute the objects {m +1,m 4+ 2,...,m 4+ (n — m)}. This allows us to define a
homomorphism f : S, xS, = Simin. Note that f is injective because the only element that fixes all objects
is (e, e).

Problem 2. Suppose that G acts transitively on X. Suppose further that for all g € G\{e} and all z € X,
gx # x. Show that |G| = | X|. We call X a G-torsor.

Solution 2. Since the action of G on X is transitive, there exists only one orbit in X. Le. |X| = |O(z)|.
Further, for this same x, we know that stab(z) = {e}. By the Orbit-Stabilizer Theorem, we then have that
O(@)| = 1G] = [X] =G].

Problem 3. Prove Proposition 4.3. — Ng(H) < G and, in fact, Ng(H) is the largest subgroup K of G
such that H < K.

Solution 3.

V91,92 € No(H) : 192Hgy '97" = 1Hgy' = H = 19> € N (H)

eVgeE Ng(H): eHe=H = g 'gHg 'g=H = g 'Hg=H = g~' € Ng(H)
Hence, Ng(H) must be a subgroup of G. Further, from its definition, it must be the largest possible group
in which H is normal because it includes all g such that gHg™' = H.

Problem 4. Find a surjective homomorphism ¢ : S4 — S3.

Solution 4. Let Sy acts on the conjugacy class X (of itself) of permutations with cycle types (0,2,0,0) by
conjugation. Then, we may construct a homomorphism from Sy to S| x| = Ss.

Problem 5. Suppose that G acts transitively on X. A block is a nonempty subset B of X so that, for
every g € G, either gB = B or gBN B = ¢.
(a) If B is a block, show that Gg = {g € G : gB = B} is a subgroup of G. Show that if € B, then
G, <Gp.
(b) If B is a block, and B = By, Bs, ..., B, are the distinct images of B under the action of G, then
the B;’s form a partition of X.
(¢c) We call the action of G on X primitive if the only blocks are X itself and subsets of size 1. Is the
action of D4 on the vertices of a square primitive?
Solution 5.

(a) ®Vg1,90€Gp: g1goB=g1B=18

32
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eVgeGp:eB=B = g 'gB=B = ¢ 'B=2B
Hence, Gp is a subgroup of G. Now, for x € B, consider g € G,. Since gxr =z, gBN B =
{zr} = ¢gB=B. Hence, g € Gg = G, <Gp.

(b) Since G acts transitively on X, we know that, for any given z, there exists g such that = € gB.
Further, B; N By, = ¢. Hence, the images of B must partition X.

(c) Let X be the set of vertices of a square. If we consider the element p acting on the subsets of
X, then a non trivial block in X must be subset of size 2 — more specifically, it must consist of
opposite vertices. Now, we can check that the definition of a block is met with every other element
of Dy to show that our group action isn’t primitive.

Problem 6. Is a Sylow 2-subgroup of A4 isomorphic to a group you recognize? If so, which one? How
about a Sylow 2-subgroup of S47

Solution 6. Recall Lemma 0.1.2. While this may seem unrelated to the problem, this gives us an easy way
to see what the Sylow 2-subgroups of A4 are isomorphic to. There are no elements with an order of 4 in Ay,
and, hence, all possible Sylow 2-subgroups must be isomorphic to Z/27Z x Z/2Z. In S4, the Sylow 2-subgroup
((13),(1234)) is isomorphic to Dy since (1234)(13) = (13)(1234)3. Note that constructing a bijective homo-
morphism from Dy to ((13), (1234)) is now fairly straight forward.

Problem 7. How many Sylow 2-subgroups does Sy have? How about A47

Solution 7. Upon listing the elements of ((13), (1234)), we can see that it isn’t the union of conjugacy classes
and, hence, isn’t normal. Thus, ny(Sy) = 3 by Sylow 3. Similarly, we can take an example of a Sylow
2-subgroup in Ay: {e, (12)(34), (13)(24), (14)(23)}. As you might notice, this subgroup is the union of two
conjugacy classes ({(12)(34), (13)(24), (14)(23)} and {e}) and is, hence, normal. Thus, na(A4) = 1 by Sylow
3.

Problem 8. If p is an odd prime, show that every Sylow p-subgroup of D,, is cyclic and normal.

Solution 8. Consider an odd prime p dividing |D,,|. Let K by a Sylow p-subgroup. Since 2 1 |K|, no elements
of order 2 belong in K. Thus, K contains no rotaions and must be a subgroup of the group of rotations. By
Lemma 0.1.3, K must then be cyclic. Further, we know K must be normal because the conjugate of any
element in K is either itself or its inverse.

Problem 9. If P € Syl,(D,,), show that Np (P) = P.

Solution 9. From Problem 11., ny(D,,) = m. Suppose D,, = 2*m. Then, for some Sylow 2-subgroup P,
|Dn| 2am

=———— —= m=——— — |Ng(P)| =2

INp, (P)| INp, (P)]

Hence, the relationship P < Np_ (P) becomes an equality: P = Np,_ (P)

na(P)

Problem 10. How many Sylow 2-subgroups does D,, have? (You may wish to classify n by writing
2n = 2%m, where m is odd.)

Solution 10. Suppose |D,,| = 2°m where m is odd. Consider the group of symmetries of an n-gon with an
order of 2%m and a k-gon with an order of 2 (D,, = Dga-1,, and Dga-1). There are exactly m regular k-gons
that can be inscribed within the n-gon such that the vertices of the polygons lie on each other, and there
exists a subgroup of Dya-1,, that are the symmetries of a given inscribed k-gon. This is one possible Sylow
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2-subgroup of D,,. There at least m of these kinds of subgroups for each of the k-gons. Since ny(D,,) < m,
we have that nq(D,,) = m.

Problem 11. Let p be an odd prime. Describe a Sylow p-subgroup of .S, and S3,. How many are there?

Solution 11. In Sy, the Sylow p-subgroups are of order p. Hence, they must be cyclic and contain only
elements of order p (barring the identity). Further, every element of a given Sylow p-subgroup must generate
it. Thus,
(p—1)!
np(Sp) = p—1 =(-2)
This is technically unrelated, but, by using this information, we can rather easily show Wilson’s Theorem:
(p—2)!=1 modp = (p—1)! =—-1 mod p.

In Sy, the Sylow p-subgroups must be of order p?. As an example, consider the group ((1,2,3,...,p), (p +
1L,p+2,p+3,...,p+p)). Since the generators are disjoint cycles, the group must be abelian. Further, all
other Sylow p-subgroups must also be abelian and must be represented as a group generated by two permu-
tations of order p. Hence, to find the number of Sylow p-subgroups, we need not do more than answer two
simple questions. How many possible groups can we create as a combination of two disjoint permutations of
order p? How many of such groups are the same?

By answering those questions, we get

ny(S2p) =

Problem 12. Investigate a Sylow p-subgroup of S,2. Show that this group is nonabelian. This group is
an example of a wreath product, which I think of as the symmetries of a chandelier: you can permute the
lights within each arm of the chandelier, and then you can also permute the arms.

Solution 12. The order of the sylow p-subgroups of S is pP*t. We can construct a group of order pP by
using p disjoint p-cycles as generators. As an example, consider the group

H=1{1,23,....p),(p+1,p+2,p+3,...,2p),...,(p(p = 1) + L,plp — 1) +2,p(p — 1) + 3,...,p%)).
Now, suppose we chose o in S,> and considered the subgroup N = ((1,2,3,...,p),(p + 1,p + 2,p +
3,...2p), ., (plp =) +1,p(p— 1) +2,p(p — 1) +3,...,p*),0). At most, [N| = p?™', but it may be that
for some z,y € H, zo' = yo™ (i,m < |o| and i < m). Since x0® = yo™ <= y lz =0""" < o€ H,
we must choose o ¢ H. One such o is the permutation

(1,2p+1,3p+1,...,p(p—1) +1)(2,2p+2,3p+2,...,p(p— 1) +2)...(p,2p,3p, ...,p°).
Upon noting ((1,2,3,...,p)o) (1) =2p+1#2p+2=(0(1,2,3,...,p)) (1), we have that N is nonabelian.

Problem 13. Show that if N < G, then n,(G/N) < n,y(G).

Solution 13. Now, consider the mapping f from the subgroups of G/N to the subgroups of G containing
N. From the conventional definition of f, it holds that |f(K)| = |K||N|. Thus, if we consider a Sylow
p-subgroup K of G/N, then f(K) must be a subgroup of G such that the Sylow p-subgroups of f(K) are
also Sylow p-subgroups of G.

Now, suppose there exists a Sylow p-subgroups L and M of G/N such that f(L) and f(M) share a Sylow
p-subgroup P. Let |L|,|M| = p®m and N = pn. From Lemma 0.1.4,

|P[IN|  p**Pn
|P N N| - pe

=p°n=|PN|,
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and, since PN < M, PN = M. Similarly, PN = L, and, thus, M = L. We can then conclude that
np(G/N) < np(G).

Problem 14. Show that if n,(G) # 1 (mod p?), then there are distinct Sylow p-subgroups P and @ of G
such that [P: PNQ]=[Q: PNQ] =p.

Solution 14. Let the sylow p-subgroup P (where |P| = p™) act on Sylp(G) by conjugation. Then, we can
write Syl,(G) in terms of n distinct orbits: Syl,(G) = O1 UO2UO3U---UOy. Let a representative of the
orbit O; be P;.

To begin, |0;| = |P : Np(P;)|. Now, consider an element z € Np(F;), and note that (x)P;, must be a
p-subgroup, implying ‘(x)Pl| < p". Because |P;| = p" and P; < (x)P;, we have |<x)R’ =p" = (z)P;, =
P, = z € P,. Further, since PN P; C Np(P;) and Np(P;) C PN P;, we have PN P, = Np(P;) and, thus,
0;] = |P: PN P

Now, we can say [Syl,(G)| =[P : PN P+ |P:PNP|+|P:PNPs|+---+|P:PNP,| Let P, = P.
Then, we have [Syl,(G)| = 14 p*2 +p*® + - - +p** where o; # 0 (If it did, then that would imply P; = P).
If we assume that all o; > 1, then we have n,(G) =1 mod p?. Thus, there must exist some a; = 1, and,
hence, some P; such that |[P: PN P =p

Problem 15. Let k be a positive integer. An action of G on X is said to be k-transitive if for any x1, ...,z
of distinct elements of X and any 1, ...,y of distinct elements of X, there is some g € G so that g-z; = y;
for 1 <i<k.

(a) Show that the action of Sy, on {1,...,n} is k-transitive for any k <n

(b) Show that the action of 4, on {1,...,n} is k-transitive for any k < n — 2.
(¢) Can you find any other group actions that are 2-transitive?

Solution 15. Note that an action being k-transitive implies that it’s also i-transitive for all ¢ < k. Hence,

for parts (a) and (b), we need only show the mentioned group actions are k- transitive where k is the upper
bound.

(a) Elements of S,, are defined by where they send {1,...,n}. Thus, the action of S,, on {1,...,n}
must be n-transitive.

(b) There are two elements in \S,, that send a specific x1, x2, 23, . . ., ,,—2 to a specific y1, Y2, Y3, - - -, Yn—2-
Call these two elements ¢ and 7 and call the two elements that aren’t in the x’s a and b and the two
that aren’t the y’s ¢ and d. If we let o(a) = ¢, o(b) = d, 7(a) = d, and 7(b) = ¢, then o(cd) = 7.
Hence, if o was odd then 7 must be even and vice versa. I.e. o or 7 must be in A,, (only one - not
both) and the mentioned action is (n — 2)-transitive.

(c) The group of similarities of R? acting on the points of R? is 2-transitive.

Problem 16. Show that if G is a nonabelian simple group of order less than 100, then |G| = 60. (Hint:
classify numbers based on the form of their prime factorizations. The case of |G| = 90 is tricky.)

Solution 16. Recall Lemma 0.1.5. It will be of use here. Given that |G| < 100, it must hold that |G| €
{p", p"q™, pqr, p?qr, pg®r} where p,q, and r are primes such that p < ¢ < 7. We’ll break our problem into
cases to proceed.

(1) |G| = p™. Since we’re only working with non-abelian groups, it suffices to state that the Z(G) must
be a non trivial normal subgroup of G, and, hence, G can’t be simple.

(2) |G| =pg™. ng(G) =1 because 1 < p < ¢, and G can’t be simple.

(3) |G| = p?q. Given ny(G) = p? (It can’t be p), we have p?q — p*(¢ — 1) = p? number of elements of
order p, p?, or 1. This leaves only only sylow p-subgroup, and, hence, G must be normal.

(4) |G| = p?¢®. Since |G| < 100, we have |G| = 36 = 22 x 32 or 100 = 22 x 52. When |G| = 100,
n5(G) = 1 by sylow 3. Now suppose |G| = 2% x 32. Assuming n3(G) = 4, we can let G act on
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Syl;(G) by conjugation and set up a homomorphism ¢ : G — Sy. ¢ isn’t trivial, and we know that

ker(¢) = irLG(¢|3)' Since |im(¢)| # |G| because |G| is too big, ker(¢) is a non trivial normal subgroup.
|G| = p?q. Since |G| < 100, we have |G| € {24,40,56,88}. When G = 88, n11(G) = 1. Similarly,
when |G| = 40, n5(G) = 1. When |G| = 56, n7(G) = 8 and that leaves 56 — 48 = 8 elements of
order 1, 2, 22, and 23 and only 1 sylow 2-subgroup. When |G| = 24, n3(G) = 4 and, hence, we can
let G act on Syl;(G) by conjugation to setup a homomorphism ¢ : G — Sy where ker(¢) is a non
trivial normal subgroup.
|G| = p3¢®. Once again, since |G| < 100, |G| = 72 = 2% x 32, and, just as before, we must have 4
sylow 3-subgroups. We may, then, let G act on Syl;(G) by conjugation and set up a homomorphism
¢ : G — S; where ker(¢) is a non trivial normal subgroup.
|G| = p*q. Assume |G| = 48 = 2* x 3 and n3(G) = 3. Once again, let G act on Syla(G) by
conjugation so that we may define a homomorphism ¢ : G — S3 such that ker(¢) is a non trivial
normal subgroup.
Assuming |G| = 86 = 2* x 5, we have ns(G) = 16, and this leaves only one sylow 2-subgroup.
|G| = p°q. Assume |G| = 96 = 25 x 3. Once again, upon assuming no(G) = 3, we can set up
a homomorphism ¢ : G — S3 where ker(¢) is a non trivial normal subgroup by letting G act on
Syl;(G) by conjugation.
|G| = pgr. Assume n,(G) = pg and ny(G) = pr. Then, the number of elements of order ¢ or r
must be pg(r — 1) + pr(q¢ — 1) = 2pgr — pq — pr - which is greater than pgr = |G|
Now, assume n,(G) = r instead. Then, the number of elements of order p is pgr — (pq(r -1+
r(qg — 1)) =¢(p—r)+r—1- which is less than r. This forces us to say that n,(G) = ¢ and that
gp—1)=q(p—r)+r—-1 = p-—1 :p—T—‘—T%ql =1 :r—% = l-r=1r — ¢=1,
but ¢ must be prime. Overall, there are no simple groups that can be written as the product of
three primes.
|G| = p?qr. Here, |G| € {60,84}. If |G| = 84 = 4 x 3 x 7, then ny(G) = 1 and, hence, G can’t
be simple. If we assume |G| = 60, then it’s indeed possible for G to be simple. As an example,
consider As.
|G| = pg®r. Here, |G| = 90 = 2 x 32 x 5 (This is the only prime factorization, of this form, less
than 100). Using sylow 3 alone, we know ns(G) = 6 and n3(G) = 10. If we assume that the
intersection of all sylow 3 subgroups is trivial, then we reach an apparent contradiction: there are
10(9—1)+6(5—1) = 104 elements in G. Now, suppose there are two distinct sylow 3-subgroups H
and K such that |[H N K| = 3. Since |H : H N K| is the smallest prime that divides |H|, we know
that H N K must be normal in H (and K using the same argument). We have that Ng(H N K)
has the following properties:

e |[INc(HNK)| > 27

e 9| |Ng(HNK)|

o INa(HNK)|| |G
Hence, |[Ng(H N K)| € {45,90}. If Ng(H) = 45, then Ng(H) has index 2 and must be normal. If
Ng(H) =90, then Ng(H) = G and G N K is normal.




CHAPTER 1.5

Abelian Groups

Problem 1. Compute ged(5371,7598). If the ged is d, find integers a and b such that 5371a + 7598b = d.

Solution 1. Upon applying the euclidean algorithm, we have that
gcd(7598,5371) = ged(7598, 5371)
= ged(2227,5371)
= ged (2227, 3144)
= ged(2227,917)
= gcd(1310,917)
= ged(393,917)
= ged(393, 524)
= gcd(393,131)
— ged(262,131) = ged(131,131) = 131

By keeping track of our steps, we have that 131 = —12 x 7598 + 17 x 5371.

Problem 2. Find a simultaneous solution to the congruences
x=4 (mod1l), x=5 (mod12), z=9 (mod 16).
Solution 2. By inspection, x = —7.

Problem 3. Prove that the fraction 1 4"i§ is in lowest terms, for every positive integer n. (IMO 1959)

Solution 3. This is probably one of the easiest IMO Problems. ﬂﬁig is completely reduced for all n if and

only if ged(21n + 4, 14n + 3) = 1 for all n. Upon applying the euclidean algorithm, we have that
ged(21n + 4, 14n + 3) = ged(Tn + 1, 14n + 3)
=ged(Tn+ 1,70+ 2)
=ged(Tn+1,1) =1

Problem 4. Show that the classification of finite abelian groups can be restated as follows: if G is a finite
abelian group, then there exist numbers ny,na,...,n; with n; | n;41 for each 1 <1 < k, such that

G = (Z/mZ) x (Z/n3Z) X -+ x (Z/n,Z).
Solution 4. Suppose we have that all finite abelian groups can be written as Z/n1Z X Z/noZ X ... Z/nyZ
where the n;’s are invariant factors. Then, by writing the n;’s as there prime factorizations, we can break

up the Z/n;Z into cyclic groups of prime power order. For example, given that n; = p{* x p5? X -+ x ptr,
we have that Z/n,Z 2 Z/pT*Z x Z/pS?Z x - - - x Z/pZ via the Chinese remainder theorem.

Now, suppose that all finite abelian groups can be written as the product of cyclic groups of prime power
order. For a finite abelian G, begin by combining the cyclic groups of the highest prime power order to
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create one cyclic group. Do the same for the second highest prime powers for each prime, and so on. Then,
we would have written G as Z/n1Z X Z/n2Z X -+ X Z/n,Z where n;|n;i1.

Problem 5. Show that any finite group has a normal series such that all the quotients are simple.

Solution 5. Suppose we have a composition series and two consecutive groups G; and G;11. Assuming that
Gi+1/G; is not simple. L.e. we have a non trivial normal subgroup H < G;41/G;. By using the bijection
that sends the subgroup of G;41/G; to the subgroup of G;; containing G;, we know there exists a subgroup
K such that G; < K < G;11. Now, let’s consider the two homomorphisms ¢ and ¢. ¢ : Gi11 — Gir1/G;
where ¢(z) = xG,. Similarly, ¢ : Gi11/Gi — (Giy1/Gi)/H where (z) = H. Given that ¢(p(z)) = e, we
have that € K and K = ker(¢p¢). Thus, K <G;11, and we have a contradiction: our normal series is not
a composition series.

Problem 6. Show that Aut(Z/nZ) = (Z/nZ)*.

Solution 6. Consider the map f : Aut(Z/nZ) — (Z/nZ)* where f(A) = A(1). We know our map is injective
because A\(1) = (1) = X = a. Le. by defining where we send 1, we know where all other elements are
sent, and, hence, we’'ve defined our automorphism. Further, our map is also surjective because there are
exactly ¢(n) possible automorphisms since 1 must be sent to a generator of Z/nZ.

We also have that f is a homomorphism (and an isomorphism) because

70a) = Aa(1))
(D) 4+ A1) 4 - 4 AD)
a(1) times

= MDa(1) mod n= F(A(1)f(a(1)

Problem 7. Find a polynomial with coefficients in Z/nZ of degree d > 0 with more than d distinct roots in
Z/nZ. In terms of n and d, what is the maximum number of roots? (Or, at least, find a construction that
gives you many roots.)

Solution 7. Consider the polynomial 2% in Z/8Z. 2> =0 = 2z € {0,2,4,6}. Now, consider an arbitrary
polynomial f(z) in Z/nZ where n = p1paps...p, and p; = pr = = k (also note that the p;’s are larger
than d — the degree of f). To find the roots of f, we may first consider the roots of f in Zp,;Z for all i and
use the Chinese Remainder theorem to find the find roots in Z/nZ. The maximum number of roots of f in
Z/piZ is d; so, we have that the maximum number of roots of f in Z/nZ is d".

Problem 8. Let a,, = 100 + n. What is the largest possible value of ged(an, an+1), where n runs over the
positive integers? (AIME 1985)

Solution 8.
ng(aru a+1) ng((l»,“ Gpy1 — an)
= ged(100 + n?, 2n + 1)
= gcd (100 + n? — 100(2n + 1),2n + 1)
= ged(n? — 200n,2n + 1) = ged(n(n — 200),2n + 1)
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Since n and 2n + 1 are relatively prime,

ged(n(n —200),2n 4+ 1) = ged(n — 200,2n + 1)
= ged(n — 200, 401)

Thus, ged(an, an4+1) is at most 401.

Problem 9. A lattice point (z,y) € Z? is said to be blocked if ged(x,y) > 1. Show that, for any positive
integer n, there is an n x n square consisting entirely of blocked points (for example, (14,20), (14,21),
(15,20), (15,21) is a 2 x 2 square of blocked points).

Solution 9. Our goal is to pick (a,bd) such that ged(a + k,b+ j) # 1 for all k,j < n, and to do so, we need
n? distinct primes pi, pa,...,p,2. We must have that, for all (a + k,b+ j), a = —k mod p; and b = —j
mod p;. This leaves us with n? congruences on a and b, and, by the Chinese Remainder theorem, we know
they can be solved. (Note that we may have that certain congruences imply others.)

Problem 10. A positive integer n is said to be abundant if the sum of the divisors of n is greater than 2n.
Show that, for any positive integer k, it is possible to find k consecutive abundant numbers.

Solution 10. Let the prime factorization of n be p7* x p5? x - -+ x p&m, and let o(n) be the sum of the divisors
of n.

We have that

m €k e1+1 ea+1 +1
1—p' 1 —py L —pu e
oln) = pl = = o p.7
( ) IEZ:O F 1_p1 1_p2 l_pm g (l)
Now, for n to be abundant, we must have that @ > 2. We have that % = % (given k and n

a(n)

are relatively prime). Hence, (since can’t be less than 1) we have that certain multiples of abundant

numbers are abundant.

Alternatively, we can see that if n is abundant, then o(n) > 2n = ko(n) > 2kn. And, since o(kn) > ko(n),
we have that kn is abundant for all k.

Now, all we need is k (qo, q1, - - - , gx—1) relatively prime abundant numbers because, by the Chinese Remainder
theorem, we know there must exist an N such that

N =0 mod g
=—-1 mod ¢;

=—k mod qr_1
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Now, let p; be the ith prime.

%

o o(pi

Hence, he infinite product []; b ) diverges to positive infinity, and it’s possible to pick k relatively prime

abundant numbers. The requried result then follows.

Problem 11. Prove that for each positive integer n, there are pairwise relatively prime positive integers
ko, k1,..., kn, all strictly greater than 1, such that kok; ...k, — 1 is the product of two consecutive integers.
(USAMO 2008)

Solution 11. Begin by inducting on n. For the base case (n = 1), simply consider the integer k; = m?+m+1
for any integral m. Now, we assume that kiks ...k, =m?+m+1and let kyy1 = (m+1)2+(m+1)+1=
m? 4+ 3m + 3.

Firstly,
ged(kika ... kn_1,kn) = ged(m? + m + 1,m? 4+ 3m + 3)
=ged(m? +m +1,2m + 2)
= gcd(%(Qm 19)4+1,2m+2)
Secondly,

m*+m+1)(m*+3m+3)=m+1D)*+(m+1)* + 1.

Problem 12. Show that, for each positive integer n, there is an n-digit number = so that the last n digits
of x2 are equal to 2. (That is, 22 = x (mod 10").) How many of them are there?

Solution 12. Given 22> = x mod 10", we have z(z — 1) = 0 mod 5" and x(x — 1) = 0 mod 2". Since =
and x — 1 are relatively prime, 2" and 5" divide either x or x — 1, and, hence, z = 0 mod 2" or x = 1
mod 2", and, similarly, x = 0 mod 5" or x = 1 mod 5. By the Chinese Remainder Theorem, we then
have 4 possibly values of  modulo 10™.

Problem 13. Use the Jordan-Holder Theorem to prove the Fundamental Theorem of Arithmetic, which
says that integers have unique prime factorization.

Solution 18. Suppose n = p; X pg X -+ X pr = q1 X g2 X - -+ X ¢ where p; and ¢; are prime for all 7. Consider
the two composition series

n

{e},z/ (M> Z,....1/ (;) 7,7/nZ
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and

{(e).2/ (qm”q_l) Z,...,7/ (q"l) Z,Z/nZ

The quotients for each composition series are

Z/oxZ,Z)pr—1,...,L/mZ
and
/42, L)1, L] L
By the Jordan-Holder theorem, we have that both composition series must be equal, and, hence, there is

a bijection ¢ such that ¢(Z/p;Z) = Z/qZ = Z/p;Z =—> p; = q;- Thus, we can conclude that the ¢;’s are
simply a rearrangement of the p;’s.

Problem 14. Show that every dihedral group D, is solvable.

Solution 1. Consider the solvable series of D,

{e} = {e.p.p*, 0%, ... 0" "} = Dn.
The quotients are Z/nZ and Z/27.

Problem 15. Show that if G is solvable and H < G, then H is solvable. Show that if GG is solvable and
H < G, then G/H is solvable.

Solution 15. Let G> G >G> - > G, ={e}and H=HNG > HNGy > HNG2 > --- > HNG,, = {e}.
Since G; 11 < G;, we have that HNG;11 < HNG;. Thus, the above sequence consisting of HNG;’s becomes
a normal series. Since G is solvable, we have that G;/G; 1 is abelian for all ¢, and, hence, by constructing
an injective homomorphism f : (H N G;)/(H N Giy1) = Gi/Giy1, we'd have that H is solvable.

Let f be defined such that f(«(H NGit1)) = aGiy1. Now, assuming f(a(H NGit1)) = Giq1, we have that
a€G, = a€e HNG; = o(HNGiy1) = HNGip1. Thus, ker(f) is trivial.

Now, we may construct the solvable series G = Gy > G1 > Go > --- > H D> .- > Gpq B Gy, = {e}
such that G;y; is a maximal subgroup of G;. Then, we may construct the normal series G/H > G1/H >
Go/H > ---> G, /H = {H}. From Theorem 0.1.6, we have that (G;/H)/(Gi+1/H) = G;/G;+1, and, hence,
(Gi/H)/(G;+1/H) is abelian and G/H has a solvable series.

Problem 16. Suppose that H < G, and that H and G/H are both solvable. Show that G is solvable.
Solution 16. Let G/H > G1/H > Gy/H > --- > G,/H = {H} be a solvable series for G/H, and let

H©> Hy > Hy > ...H, = {e} be a solvable series for H. Then, since (G;/H)/(Gi+1/H) = G;/Git1, we
know G> Gy > Gy > - > H> Hy > - > {e} is a solvable series of G.
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Introduction To Fields

Problem 1. Prove Proposition 1.2: Let F' be a field. Prove
(1) Forany a € F',0 x a = 0.
(2) If a,b € F, then (—a)b = a(—b) = —(ab).
(3) (=a)(=b) = ab.
Solution 1. For 1, let a x 0 = b. Then,
b=ax0=ax(0+0)=ax04+ax0=b+b = b=0.

For 2, we begin by noting that (a x —1)+a =a(-14+1) =ax0=0 = a x —1 = —a. Hence, by the
commutativity of multiplication,

(—a)b=—1xab=a(-1xb) =a(—b) = —(ab).
For 3, we note that —1 x —1 = —(—1) = 1. Hence,

(—a)(=b) = =1 x —1 x ab = ab.

2 .
Problem 2. Let a be a root of #* — 3z 4+ 12. Compute (a® 4 2)(a® — 2a +5), 17, and z25E2= in Q(a),
by writing them in the form a 4 ba + ca?, for some a, b, c € Q.

Solution 2. To compute (a? + 2)(a? — 2a + 5), begin by noting
= o’ —3a+12=0
— o’ =3a-12

= a?=3a%-12a

Then,

(@® +2)(a? —2a+5) = a* — 2a° + 7a® — 4a + 10
=3a% — 120 — 6 + 24 + 70 — 4o + 10
= 10a® — 220+ 34

For the next one, note o + 1 is a root of

(x—1)°=3(x—1)+12 =2 322 + 14.

Hence,
—14
— = 1% -3 1
= (a1 =3t
1 —(a+1)2+3(a+1) 1 2le +1
= = =——a"+—a+ =
a+1 14 14 14 14 7

44
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a2+2
a2—2a+5

= (a® —2a+5)(pa® +qa+r)=1
= pa’ + (¢ —2p)a’® + (r — 2q+ 5p)a® + (5q — 2r)a + 5r =1
= (8p+r—2¢)a® + (8¢ — 18p — 2r)ar+ (5r — 12¢ + 24p) = 1

Lastly, we compute by first finding the multiplicative inverse of a? — 2a + 5.

Rewriting this as matrix,
7

5 —12 24 r 1 r L
-2 8 18| |q]=10] = |qa]|=|—-=%
1 -2 8 D 0 P —%

Hence,

1 1 7 1
2 a2 — ) = —(4a?
(v —|—2)< T 34a+17> 34(4a + 19« + 40).

Problem 3. Suppose K/F is an extension of fields, and o € F' . What is the minimal polynomial of a?

Solution 3. {«a, 1} are linearly dependent: o — 1+« = 0. Hence, our minimal polynomial is z — a.

Problem 4. Show that f: Q(v/2) — Q(v/2) given by f(a 4+ bv/2) = a — by/2 is an automorphism.

Solution 4. Let a + W2 =a—bV2. Then, note

(11) (a+ bV2)(c+ dV2) = (ac + 2bd) — (ad + be)V2 = ((aer\@)) ((c+d\f2)>
(12) (a+bV2) + (c+dV2) = (a+c¢) — (b+d)V2 = (a + bV2) + (c+ dV?2)
(13) T=14+0v2=1-0v2=1

From equations 11, 12, and 13, we know f(ab) = f(a)f(b), f(a+b) = f(a) + f(b), and f(1) =1. Le. fisa
homomorphism. Injectivity then follows. Lastly, f is surjective because f(a — bv/2) = a + bv/2.

Problem 5. Show that there are no nontrivial automorphisms of Q(+/2).

Solution 5. Let f be an automorphism of Q(+/2). Firstly, note f fixes the elements of Q since
S +F) +---+ f(1)

p\ _ flp) _ p times P
f(q> o) JO+FO) 4+ fA) ¢

Hence, ,
(1(92)) =2 = r(0) =o.

Since the only root of 23 —2 in Q(3/2) is V/2, we have that f(v/2) = V/2. Then, we may conclude f is trivial
by noting

fla+bV2+cVa) = fla)+ fF(B)F(V2) + f(c) (f(%))2 =a+bV2+ Vi

Problem 6. Let x be transcendental over Q. Why isn’t there a homomorphism f : Q(x) — Q(v/2), obtained
by “plugging in” v/2 for z?
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Solution 6. Suppose there was. Call this homomorphism f. We may show f fixes Q using the same argument
we did in Problem 5. Then, note

f@)=v2 = (f(z))*-2=0 = 2> —-2=0.

Since z is transcendental, we have a contradiction.

Problem 7. Show that if vq,...,v, is a basis for a vector space V over a field F', then for every b € V,
there is a unique set of elements aq,...,a, of F so that b = ajvy + - + a,v,.

Solution 7. Since v1,...,v, is a basis, it spans V. Now, suppose ai1vy + asvs + - - - + a,v, = byvy + bove +
-+ 4+ b,vy,. Then,

(a1 — bl)Ul —+ (ag — bg)’l}g + -4 (an — bn)vn = O

Since vy, ..., v, are linearly independent, a; = b; for all ¢ (i =1,2,...,n).

Problem 8. Let V be a vector space over I, and let a1, ...,a, be alinearly independent subset of V. Show
that there is some basis of V' that includes aq, ..., a,.

Solution 8. If {ay,...,a,} isn’t already a basis, let o be a vector that can’t be represented as the linear
combination of ay, ..., a,. Append « to our set of vectors. If the set {a1,...,a,,a} doesn’t span V| repeat.
Note that this only works if dim V is finite.

Alternatively, we construct our basis by appropriately replacing some other basis with the a;’s. More specif-
ically, suppose the (infinite or finite) set {b1, bq, ...} is a basis. Then, we write a1 as unique combination of
the b;’s. In this representation of a;, replace a; with any b; with non-zero coefficient. Notice that our new
set is a basis. We do this replacement with for all a;’s, making sure not replace any ay with some a;. Note
that this is possible because {ay,...,a,} are linearly independent.

Problem 9. Without using Theorem 4.3, show that if V" and W are vector spaces over a field F', with W C V|
then dim W < dim V. Use this to prove Theorem 4.3 — any two bases of a vector space V have the same size.

Solution 9. It’s odd to use the statement "dim W < dim V” in our proof of Theorem 4.3 because, without
4.3, the definition of the dimension of a vector space doesn’t make sense. Hence, we rephrase the question
slightly. Suppose V has a basis of size n. Our goal is to prove all bases of W must be < n. We do this by
simply noting any n + 1 vectors in V' must be linearly dependent (Lemma 0.1.7).

Next, we prove Theorem 4.3 by first assuming there exists two bases of V of different sizes — m and n.

Without loss of generality, m > n. By Lemma 0.1.7, the basis of size m is linearly dependent, contradicting
our assumption that it’s a basis.

Problem 10. Show that if [K : F] = n, then any n + 1 elements of K are linearly dependent over F'.

Solution 10. See Lemma 0.1.7.

Problem 11. Show that if p is prime, then Z/pZ under addition and multiplication modulo p is a field,
with p elements. We call this field [F,,.
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Solution 11. All elements of Z/pZ are relatively prime to p. Hence, Z/pZ is an abelian group under addition
and multiplication. Further, multiplication is distributive over addition.

Problem 12. Is z* + 4 irreducible over Q? Prove irreducibility or find a factorization.

Solution 12. By Sophie Germain’s Identity, z* + 4 = (2% + 2z + 2)(2? — 2z + 2).

Problem 13. What is a 0-dimensional vector space?

Solution 13. Perhaps, it refers to the trivial vector space — {0}. {} is our basis because 0 isn’t linear
independent. By convention, the empty sum Y a; is defined to be 0. Hence, we say dim {0} is 0.
ico

Problem 14. Show that if « is algebraic over F, then there is a unique monic polynomial m, (x) of lowest
degree, with coefficients in F having « as a root.

Solution 14. Let [F(«) : F| = n. Then, consider the two monic, minimal polynomials p(z) and ¢(z), where
p(a) = g(a) = 0. Note, deg p = deg ¢ = n. Let

(14) p(z) = 2" + ap_12" - Fag
(15) q(z) = 2" 4+ bp_12" " 4+ bo
Then,

an-1Q" P dag = by by = (@n—1 —bn71)04n_1 + (@n—2 _bn72)an—2 +---+(ap—bo) = 0.

n—2

Since {a"!,a"72 ... 1} are linearly independent, a; = b; for all i (i = 1,2,...,n). Le. p(z) = q(x).

Problem 15. Let L/K/F be a tower of field extensions, and let a € L be algebraic over F. Let f(z) be
the minimal polynomial of a over F, and let g(x) be the minimal polynomial of « over K. Show that g(x)
divides f(z).

Solution 15. f is a polynomial in K with « as a root. Hence, g divides f.

Problem 16. Show that Q(3/2) = {a+bv/2+cV/4|a,b,c € Q}, by explaining how to find the multiplicative
inverse of a nonzero element a + b¥/2 + cv/4.

Solution 16. Let o’ + b’ /2 + ¢/ /4 be the inverse of a + b/2 + ¢¥/4. Then,
(a+bV2+ cV4)(a +b'V2+ ¢ V4) = (d'a+ 2bc’ +2eb) + (ab’ + ba' + 2 ) V2 + (ac’ + bb + ca') V4 = 1.

Rewriting this as a matrix, we have

a 2c¢ 2b a 1
b a 2 ¥]l=10
b a I 0
For notational convenience, let
a 2c 2b
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We call the determinant of A det. Then,

det = a(a® — 2bc) — 2c(ab — 2¢2) 4 2b(b* — ac) = a® + 20 + 4¢® — 6abe.

Before computing A~!, we show det is nonzero whenever either a,b, or ¢ are nonzero. Since a, b, and ¢ are
rational, we set

b
a=-
q
/
b="L
q
/!
LD
q//

Then,
det =0 = (pd'q")* +2(0'aq")® + 4("d'q)* — 6pp'p" (ad'¢")* = 0.

Setting v = pq'q”, v = p'qq", and w = p”q¢'q, we have that u® + 203 + 4w — 6uvw = 0 — the same
equation as our first one, but now our variables are in Z. Hence, by Lemma 0.1.8, the only solution is when
u = v = w = 0, which is precisely when a = b = ¢ = 0. Now, with some help from Wolfram Alpha,

;o a® — 2bc
T T et
b 2¢% —ab

det

;o b? — ac

det

Problem 17. Show that if @ and 3 are algebraic over F' | then a 4+ 8 and af are also algebraic over F.
Find a nonzero polynomial with coefficients in Q that has V2 + ¥/3 as a root.

Solution 17. We prove a slight stronger statement — F'(«, ) is an algebraic extension of F'. Let the degree
of the minimum polynomials of a and 8 be n and m respectively. Then, by the Tower Law,

[F(a, 8) : F] = [F(a)(B) : Fa)] x [F(ax) : F].
[F(a)(B) : F(a)] <m and [F(a) : F] = n. Hence, [F(a, ) : F] < mn.

Lastly, consider the polynomial f(z) = 2% — 62 — 62% + 1222 — 362 + 1. For this f, f(v/2 + v/3) = 0. We
find f as follows:

— —V2-V3=0
— (r—V2)?%=3

= 2® —3v22% + 62 -2v2-3=0
— (23 +62-3)2=2(322+2)* = 2% 62" —62° + 1222 — 362 +1=0

Problem 18. Prove Theorem 6.6 — Eisenstein’s Criterion.

Solution 18. Let f(z) = apx™+an_12" 1 +---+ag where a,,an_1,...,00 € Z, pf an, 0| Gn_1,an_2,...,aq,

and p? { ag for some prime p. Note f is irreducible over Q if and only if f is irreducible over Z (By Gauf’s
Lemma). Now, suppose f is reducible over Z. ILe.

f(JC) = (pmxm "’pm—lxmi1 + - +p0)(QT$T + qr_lxrfl 4+ qo)
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where p;,q; € Z (i=10,1,...,m & j =0,1,...,7). Since p | ag = pogo but p? { ap, we have that either p | po
or p | go (not both). WLOG, suppose p | pg. We prove by induction that p | p; for all . Then, assume p | py
for all k£ <. Since deg f is greater than the degree of its factors, ¢ + 1 # n. Then, we have that

aiy1 = Pit1¢o +piqi +--- =0 (mod p) = piy190 =0 (mod p) = p|pi+1-

We then contradict our assumption that pt a, = ppqn-

Problem 19. Show that if p is a prime, f(z) = a,2™ + ap_12" 1 + -+ 4+ a17 + ap is a polynomial with
integer coefficients, and a,, is not divisible by p, then if the reduction of f(z) modulo p is irreducible over
F,, then f(x) is irreducible over Q. (You may assume Gauf’s Lemma, which says that if a polynomial with
integer coefficients factors into two polynomials with rational coefficients, it also factors into two polynomials
with integer coefficients). Apart from Eisenstein’s Criterion, this is the main way of proving irreducibility of
polynomials.

Solution 19. We prove the contrapositive. Suppose f(z) = g(z)h(x) where
9(2) = apa? +ap 10t g
() = Bga? + Bgaa®™" + -+ fo

Note that the a;’s and j3;’s are integers. Call the reduction of f,g, and h modulo p f’, ¢’, and h’. Then,
f'(z) = ¢'(x)h(z) (mod p). Sinceptan, pt ey and pt 5, Hence, neither g’ nor A’ are constant polynomials.

Problem 20. Show that if F' is a field with finitely many elements, then the number of elements is a power
of a prime.

Solution 20. Consider the additive group of FF — G. Let «,8 € G. Then, consider the automorphism
f: G — G where f(x) =kx (k #0).

(Homomorphism) flzt+y)=klz+y)=kx+ky=f(z)+ f(y)
(Injectivity) kr=ky = z=y
(Surjectivity) z=f(z) = z=k'2

Setting k = Ba~!, we have a homomorphism that maps « to 3. Hence, |a| = |3|. By Cauchy’s Theorem, G
must then be of prime power order.

Problem 21. Describe a field with exactly 4 elements.

Solution 21. The splitting field of 22 +  + 1 over Fy: Fy (HT‘/‘;”)

Problem 22. Show that if « is an irrational number which is the root of a polynomial f of degree n, then
there exists a real number C' > 0 such that, for all integers p, ¢

C
\ap\>.

(Hint: Mean Value Theorem.) This is a theorem of Liouville. (One might say, the “other” theorem of
Liouville, thanks to his more famous theorem in complex analysis).

Solution 22. Let f(z) = ana™ + an—12" " + -+ + ag. We prove C' = min (c, 1) where c is some positive
element of R such that f has no roots in [a— ¢, a+¢] other than @ and K > max(|f'(z)|) for z € [a—¢, a+(].
When ¢™ is negative, our result is apparent. Hence, we consider the case where ¢" > 0. Now, suppose there
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exists p and ¢ such that

o p\ <°
ql — q"
Then, a — ¢ < % < a+ c¢. By the Mean Value Theorem, there exists x such that
f(r/q _ | p q 1 |anp" + an1p" g+ - + aoq” 1
v/9) = f'(z) = Ip/qa—« / — - > —.
plqg—« T4 f'(z) Kq

Problem 23. Show that Y 2, 10~" is transcendental. This was the first number (or, rather, a member of
the first family of numbers) proven to be transcendental.

Solution 23. Let =Y -, 10", Since the decimal representation of « is non-terminating and non-recurring,
« is irrational. Now, supposes « is algebraic. Then, there exists C' and n such that

C
o — p‘ > —
q q

for all p/q € Q. Let g =>"" 107" and ¢ = 10™". Then,

q” (CY _ > Z 10—1' _ Z 1O(m!‘n)—il > C.

1=m-+1 1=m-+1

We prove lim,, o0 oo mal 10(m* )= = (0 by showing each individual summand goes to 0. Let the limit of
the kth summand be
L= lim 10m:m=(m+h)t,
m—r00

Begin by choosing m such that (m +k)(m +k —1)...(m+ 1) > n. For such m, 100™"M=(m+k)! < 1 Then,

0< 10((m+1)!»n)—(m+k+1)! _ (10m!><n)m+l

(m!n)—(m+k)!
= Govrmmyr < 10 .

Hence, our limit exists. Then,

logio(L) =(m!-n)—(m+k)! - —c0casm —-o00 = L—0.



CHAPTER 2.2

Constructibility and Galois Groups
Problem 1. Show that, for any positive integer n, it is possible to divide a line segment into n equal pieces
using a compass and straightedge.

Solution 1.

FIGURE 1. Given points P and @, we construct a point P’ on line PQ such that |PQ| = |P'Q)|

3=

\

1

n

FIGURE 2. Given segments of length 1 and n (Z is constructible), we construct a segment
of length 1/n

Problem 2. Show that it is impossible to construct a regular heptagon (7-gon) or nonagon (9- gon) using
straightedge and compass.

Solution 2. Suppose we could construct a 9-gon. In doing so, we would construct an angle of %ﬂ Let 6 = %T.

Then, by the triple angle identity of cos,

4cos?(0) — 3cos(f) = cos(7r/3) = 4cos®(#) — 3cos(f) — % =0.

Having proven this polynomial is irreducible, we may conclude [Q(f) : Q] is not a power of 2.
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Next, suppose we could construct a 7-gon. We separate it into 7 congruent triangles — each of which have

2 o 2w
exactly one angle of =*. Notice =F is a root of

cos(4z) — cos(3x) = (cos(x) — 1)(—1 — 4cos(z) + 4 cos?(x) + 8 cos®(x))

and cos (27“) is a root of 83 +4x2 — 42 — 1. By Lemma, 0.1.11, our cubic has no roots in Q and, hence, must

be irreducible. Then, [Q(cos (Z)) : Q] is not a power of 2.

Problem 3. Explain how to construct a regular pentagon using straightedge and compass. (Possible hint:
27

what is cos(%") in terms of radicals?)

Solution 3.

FiGURE 3. Partially Complete Pentagon

Notice that we need only prove cos (2F) is constructible. Note that

47 47 61
cos| — ) =cos|2r— — | =cos| — .
(5) = (z-5) == (%)

Hence, 2?” is a root of
cos(3z) — cos(2x) = 4cos® () — 2 cos?(x) — 3cos(x) + 1

and cos(2F) is a root of 42 — 2% — 3z + 1.

-1 - 1
4x3—2x2—3x+1:0:>x€{1,\/54 , (‘/iJF )}

27#):\/571
5 1 -

Hence, cos (
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FIGURE 4. Constructing v/5

Seeing as the set of constructible numbers is closed under addition and multiplication, ‘/54_1 is constructible.

Problem 4. Show that it is possible to trisect an angle using a marked ruler and compass. (A marked ruler
has two marked points on it, so that the distance between them is 1).

Solution 4.

FIGURE 5. Archimedes Construction
Notice that x + 7 —4dx +0 =7 = = =0/3.

Problem 5. Let K/F be a field extension, and suppose that g1, ..., g, € Aut(K/F). Show that Klormgn} —
K{91:-97) " (In other words, the subfield fixed by g1, ..., g, is equal to the subfield fixed by the group gen-
erated by g1,...,9n-

Solution 5.
e {g1,...,9n} C g1,...,9,) implies K(91:9n) < K{g10n},

e Elements fixed by {g1,...,9n} (elements of K191:++9n}) are fixed by all compositions of {g1,...,gn}
(elements of (g1, ...,g,)). Le. K{910n} < [{g159n),

Problem 6. Show that C/R is a Galois extension. What is its Galois group?

Solution 6.
e Consider the automorphism f : C — C such that f(a 4 bi) = a — bi. Only R is fixed.
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e Gal(C/R) = 7/2Z.

Problem 7. Is Q(v/2)/Q a Galois extension? What about Q(v/2)/Q(v/2)?

Solution 7. Aut(Q(+/2)/Q) consists of only the identity and the automorphism f : Q(+/2) — Q(+/2) such
that f(/3) = —V2.

f(a+b<‘/§+c(\“/§)2+d(<‘/§)3) =a+bV2+c(V2)2+d(V2)? = b=d=0.

Notice that the identity fixes all of Q(+/2) and f fixes all elements of the form a + bv/2. Hence, Q(+/2)/Q
isn’t Galois. Similarly, Aut(Q(+v/2)/Q(+/2)) consists of only the identity and the automorphism f : Q(+v/2) —
Q(v/2) such that f(v/2) = —v/2.

favV24+b) =avV2+b = a=0.

Since f only fixes Q(+/2), our extension is Galois.

Problem 8. Suppose that L/K/F is a tower of field extensions. Show that if L/F is Galois, then L/K is
Galois. Give an example to show that K/F is not necessarily Galois.

Solution 8. We employ the following definition of a Galois Extension:
K/F is Galois if and only if K/F is normal and separable.

Now, suppose L/F was normal. I.e. L = F(aj,2,...). In our (finite or infinite) sequence of «;’s, suppose
B1,B2,... ¢ K. Then, L = K(f1,52,...). Next, suppose L/K wasn’t separable. I.e. there exists « in L
with minimal polynomial f in K such that f'(«) = 0. Let the minimal polynomial of & in F' be g. Since
flg, there exists k such that

g9(x) = f(@)k(z) = ¢'() = f'(a)k' () =0

Problem 9. If L/K and K/F are Galois, is L/F necessarily Galois? Prove or give a counterexample.

Solution 9. Counterexample: Q(v/2)/Q(v/2)/Q

Problem 10. Determine the splitting fields and their degrees over Q for the following polynomials:
(a) ot —2

)
(c) z* +4
) 2® — 2% -2+ 1

Solution 10.

Q(V2,4). [@(V2,4):Q] =8
() Q (3008 ) (e, ) - ) =
(c) Qi) [Q( ) Q=2
(d) Call the splitting field K. Then, [K : Q] =3

Problem 11. What is the Galois Group of Q (\/5, \/3) /Q? Determine all the subgroups of this Galois
group and compute their fixed fields.

Solution 11. Gal (Q (v2,V3) /Q) = {01, 02,05,04} = Z/2Z x /2.
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(vV2) = V3 n(V3) = V3
02(V2) = —V2 72(V3) = V3
03(V2) = V2 o3(V8) = —V3
04(vV2) = —V2 01(v3) = =3
Then,
(e(v2.v8) /@)™ =a(va.v)
(Q (\/57 \/g) /Q) {01’02}:{33 €Q(V2,V3)|z=a+bV2+cV3+dV6, b=d=0}=Q(V3)
(@(v2v3) /@) "™ —tr € QUVE VB e =0t I+ VB 4 4VE, o= d =0} = Q(VE)
(@(v2.v3) /)" ={a e QVE.VE) v = a+ b3+ V3 + dVE. b=c = 0} = Q(VE)

Problem 12. What is the automorphism group of Q(v/2)/Q? Determine all the subgroups of this auto-
morphism group, and compute their fixed fields.

Solution 12. Gal (Q(v/2)/Q) = {01, 02} = Z/2Z.

0'1(\4/5) Z% 0'2(\4/5):—\‘75
Qv =Q(v2) Qv =Q(v2)

Problem 13. Suppose that f(x) is a separable polynomial of degree n > 0 with coefficients in a field F,
and let K be the splitting field. Show that there is an injective homomorphism ¢ : Gal(K/F) — S,,.

Solution 15. Call the n distinct roots of f aq,...,a,. Notice that the elements of Gal(K/F) are defined by
how they permute a1,...,ay,. For 01,00 € Gal(K/F), 01(a,) = o and o2(ay) = a,-. Then, we define our
map ¢ : Gal(K/F) — S, such that ¢(o1)(p) = ¢. Note ¢ is a homomorphism since

P(o201)(p) = r = (¢(02)d(01)) (P)-

Problem 14. Suppose f(z) = 2" 4+ a,_12" "1 +--- + a1z + ap is a separable polynomial with coefficients
in a field F. Suppose that, over the splitting field, we have f(z) = [[;—, (z — ;). We define its discriminant
to be
Disc(f) = H (r; — rj)2.
1<4,5<n
i<j

Show that Disc(f) € F. Show that, under the homomorphism from Problem 13, if Disc(f) is a perfect
square in F', then im(¢) < A,,.

Solution 14. Call the splitting field of f over F K. By Lemma 0.1.14, K is Galois. Hence, Disc(f) € F
because it is fixed by Gal(K/F). If Disc(f) is a perfect square, then

II ¢i—rp

1<i,j<n
i<j
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is fixed by Gal(K/F). Suppose there exists an odd automorphism o in Gal(K/F). Then,

H (ri—rj)=0 H (ri—m;) | =—1x H (ri — ;).

1<i,j<n 1<ij<n 1<i,j<n
1<j i<j 1<j

Assuming 1 # —1 in F', we have a contradiction.

Comment.Notice that for an arbitrary polynomial or field, Disc(f) being a perfect square doesn’t imply
im(¢) < A,,. Consider 22 + z + 1 in F5 — a field where 1 = —1. Here, im(¢) = Sz even though Disc(F) = 1
is a perfect square. If we restrict our choice of F' to those where 1 # —1, everything works as expected.

Problem 15. Show that if K/F is an algebraic extension with KA"(5/F) — F then K/F is normal and
separable. (Hint: Pick some o € K and look at the polynomial whose roots are o(a) for o € Aut(K/F)).

Solution 15. Let the roots of mg(z) (the minimal polynomial of a over F) in K be aj,as, ..., a,. Notice
m m—1 2 m
s {o. ¥ Tl X IMow S
i J1<-<jm-1 i=1 J1<jz i=1 @

is fixed by Gal(K/F') and, hence, belongs in F. By Vieta’s formula, the elements of S are coefficient of
mea(2). Then, m(x) is separable and splits into linear factors over K. I.e. K/F is normal and separable.

Problem 16. Show that, if p is a prime, then the so-called pth cyclotomic polynomial zP~'4-2P~2 4. .. +x+1
is irreducible.
Solution 16. Consider a variant of pth cyclotomic polynomial

(z+1)P @+ )P+ (e + )P P4+ (2 + 1) + L

We choose to work with this because it’s in Eisenstein form. Let the coefficient of the z* term be a;. Then,

we find that
)+ (7)o ()
a;=1.]+ . + -4 . .
g i g

By Lemma 0.1.10, a; = (i_fl). We can now see that ap = p, ap—1 = 1, and p divides all other a;’s. Our
polynomial must then be irreducible.

Problem 17. The n*® cyclotomic polynomial ®,,(z) is the monic polynomial

)= [ (e-emen,
1<a<n
ged(a,n)=1

In other words, the roots are the n'® roots of unity which are not m'" roots of unity for any m < n. Show
that
2" =1 =[] ®alx).
d|n

Solution 17. Note that ®4(z) | 2™ — 1 given d | n and deg ®4(x) = ¢(d). Then, note P, () shares no roots
with ®g(z) if a # 8. By Lemma 0.1.16, our result follows.

Problem 18. Show that ®,(x) has integral coefficients.
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Solution 18. Suppose there exists some ®,,(x) with non-integral coefficients. Let n be the smallest natural
number for this to be true. Then, by Problem 19,

2" —=1=,(x) H Dy(x)

d|n
d#n

Notice both [] g, ®a(x) and 2™ — 1 belong in Z[X] and have leading coefficient 1. By Lemma 0.1.15, we

d#n
have a contradiction.

Problem 19. Show that @, (x) is irreducible. (Reduce modulo p, for some p t n.) Conclude that
[Q(¢n) : Q) = 6(n).

Solution 19. Let f be the minimal polynomial of (,. We prove f(¢2) = 0 for prime p (p 1 n). Let
®,(xr) = f(x)g(z). Suppose g((2) = 0. Then, note f(z) | g(zP). Now, consider the reduction of our
polynomials modulo p. Let

f" (mod p)

/

=g (modp)

Then, note f'(z) | ¢'(zP) = (¢'(x))?» = f’|¢’ by Lemma 0.1.17. Since 2™ — 1 has no repeated roots modulo
p, we have a contradiction. Note that by repeated use of this argument, we can show f((P1P2-Pm) =
for primes p; (i = 1,2,...,m) that don’t divide n. Thus, ®,(x) | f and f = ®,(z). It follows that

[Q(Cn) - Q] = ¢(n).

f
g

Problem 20. Determine the Galois group Gal (Q({,)/Q). Is it isomorphic to a familiar group?

Solution 20 Gal (Q(¢,)/Q) = (Z/nZ)*. Consider the map f : Gal (Q((,)/Q) — (Z/nZ)* such that, given
o(Cn) = Cis f(0) = a.

Problem 21.
(1) Suppose that o € Aut(R/Q). Show that if > 0, then o(z) > 0.
(2) For any rational € > 0, show that if |a — b|] < €, then |o(a) — o(b)| < e.
(3) Show that Aut(R/Q) = {e}.
Solution 21.
(1) Given z > 0, there exists y such that z = 2. Then, o(z) = o(y2) = (o (y))* >
(2) Suppose —e < a — b < €. Then, by part (1), b—a+¢e¢ >0 = o(a) — o(b) <eanda—b—|—6>
0 = o(a) —a(b) > —e.
(3) Let a € R be irrational and o(a) =  where a # 5. By the density of Q in R, choose some p, € in
Q such that |a —p| < e and € < @ By part (2), we have that |o(a) — p| < e. Then, notice that
o(a) # B — contradiction.



CHAPTER 2.3

The Galois Correspondence

Problem 1. Show that if 7 is a factor of 22" + 1, then r = 1 (mod 2"*1).
Solution 1. Let p (a prime) divide 22" + 1. Le. 22" = —1 (mod p). We know there exists an element g with
lg| = p — 1. Then, let g* =2 (mod p) and, hence,

— ¢*®" =—1 (mod p)
-1
— az"zk(p—1)+pT
= a2"™ =2k +1)(p—1)
= p=1 (mod 2",

It follows that 7 =1 (mod 2"*1).

Problem 2. Show that
(277) —1+v17+ \/34—2\/17+2\/17+3\/17—\/34—2\/17—2\/34+2\/17
cos| — | = .
17

16
Solution 2. Note that cos(187/17) = cos(16m/17). Then, 2Z is a root of
= cos(9z) — cos(8z)
= 256 cos”(x) — 128 cos® () — 576 cos” (z) + 256 cos®(x) 4 432 cos® (z)
— 160 cos*(x) — 120 cos® () + 32 cos? () + 9 cos(x) — 1
= (256 cos®(z) + 128 cos” () — 448 cos®(x) — 192 cos®(z)
4240 cos* (z) + 80 cos®(z) — 40 cos?(z) — 8 cos(x) 4 1) (cos(z) — 1)
27

and 2 cos (1—7) is a root of

f(z) = a® + 27 — 725 — 62° + 152* + 102% — 102? — 4z + 1.
With some computation, we can show

—1+V17+ \/34—2\/ﬁ+2\/17+3\/ﬁ—\/34—2\/ﬁ—2\/34+2\/ﬁ B
8

Now, notice that for all z > 1.73, f'(x) is positive since
f'(x +1.73) = 827 + 103.8825 + 533.467x5 + 1370.722% + 1828.352° 4 1171.962% 4 272.27x + 0.97258
has positive coefficients. Then, since 2 cos(27/17) > 2cos(7/6) = /3 > 1.73 and

-1+ V17 + \/34—2\/ﬁ+2\/17+3\/ﬁ—\/34—2\/ﬁ—2 344 2V17
8

~ 1.864944 ...,

our result follows.
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Problem 3. Let K be the splitting field over Q of z* — 7. Write down all the intermediate subfields F' and
compute the Galois groups Gal(K/F). For which intermediate fields F' is F/Q Galois?

Solution 3. Note Gal(K/F) = D4 and generated by

p(VT) = VTi p(—V7) = —VTi p(VTi) = =T p(—VTi)= V7
VT VT VT

(V7)) = =VTi (=V7) = VTi T(V7Ti) = — 7(—V/7i)=
(Tp%) {e} (Tp)
() (rp%)
(0%
/ \
(1,0%) {p) (p*,7p)
\ /
Gal(K/F)

FIGURE 1. Subgroups of Gal(K/F)

QV7(1 +1)) Q(V7,19) Q(V/7i)

FIGURE 2. Intermediate Subfields of K/F
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Note that the only intermediate field extensions F/Q that are normal (and hence Galois) are Q(7)/Q,

Q(WT7)/Q, Q(VTi)/Q, and Q(V7,4)/Q.

Problem 4. If N/K/F and N/L/F are towers of field extensions, let KL denote the smallest subfield of
N containing both K and L. Show that if K/F and L/F are Galois extensions, then KL/F is Galois as
well, and that there is an injective homomorphism ¢ : Gal(KL/F) — Gal(K/F) x Gal(L/F). f KNL =F,
show that ¢ is an isomorphism.

Solution 4. Let K be the splitting field of the set of polynomials S, and L be the splitting of the set of
polynomials Sz over F'. Then, KL is the splitting field of S, U Sg. It follows that K L is separable since the
elements of S, and Ss are separable. Now, we define our homomorphism ¢ such that ¢(¢)) = (1, 12) where

Y(i) = ¢1(i), Vi € K and ¢(j) = ¢2(j), Vj € L. Suppose ¢(z) = (04, 72) and ¢(y) = (0y, 7y).

(Homomorphism) d(xy) = (02 00y, T 0 Ty) = (00, Tu)(0y, Ty) = &(x)D(y)
(Injectivity) p)=0¢y) = oy =0, &y =T, = =y

Note that for our injectivity argument, we use that x and y permute the basis in the same way iff x = y.
To prove [KL: F] =[K : F] x [L: F] given K N L = F, we use a result from Problem 2 of the following
chapter. In particular,

[K:F]x|[L:F)

KL: Ll = [K:KNL) = [KL:F]= [KL: LI [L: F) = [K: KN L] x[L: Fl = =0

Problem 5. Show that if K/F and L/F are Galois extensions, [K : F] and [L : F] are relatively prime,
then Gal(KL/F) = Gal(K/F) x Gal(L/F)

Solution 5. Since [K : F] and [L : F] are relatively prime, [KNL: F]=1 — K NL = F. By Problem
5, the result follows.

Problem 6. Show that if K/F is a Galois extension and L/F is an arbitrary extension, then KL/L is a
Galois extension, and that there is an injective homomorphism Gal(KL/L) — Gal(K/F).

Solution 6. Call set of polynomials for which K is a splitting of ' S. Then, KL is the splitting of .S over L.
Since the elements of S are separable, we have that K'L/L is Galois. Note the elements of Gal(KL/L) fix
F and send K to K. Then, we define our homomorphism ¢ : Gal(K'L/L) — Gal(K/F') such that ¢(7) = o
where 7(i) = 0(i), Vi € K.

Problem 7. Let K be the splitting field of f(x) = 2° — 2. Compute the Galois group Gal(K/Q) by
writing down what all the automorphisms look like. Show that Gal(K/Q) is generated by two elements o
and 7, with 0® = e and 7* = e and 767~ = 2. This group is called Fy, where the “F” stands for Frobenius.

Solution 7. Begin by noting K = Q(~+/2,(s) and, hence, [K : Q] = 4 x 5 = 20. Now, label the roots

ar = V2 ag = V2¢
az = V2¢s as = v2¢3

as = V23
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We need only prove the permutations ¢ = (12345) and 7 = (2354) belong in the image of the map
Gal(K/F) — Ss, verify that
= (12345)° =
==( 54)!
ToT = (2354)(12345)(2453) = (35241) =

and note that 0?7 =0 <= a =b =0 (mod 5) (powers of ¢ are always 5-cycles and powers of 7 always
fix 1). It then follows that our Galois Group is F5.

2 4 O'
T (1325) (1534) ( 243) ( 452) | (2354)
72| (15)(24) | (14)(23) | (13)(45) | (12)(35) | (25)(34)
73| (1435) | (1254) | (1523) | (1342) | (2453)
74| (12345) | (35241) | (14253) | (15432) |e

FIGURE 3. Elements of Gal(K/Q)

Problem 8. Let f(x) be an irreducible, separable polynomial over a field F, and let L be its splitting
field. Suppose that K is an intermediate field between F' and L, K/F is normal, and that over K, f fac-
tors as f(x) = g1(x) ... gn(x), where each g; is irreducible over K. Show that all the g;’s have the same degree.

Solution 8. Let g be one of the polynomials in {g1, g2,...,9n}. Let a be a root of g and S the root of some
gi- By Lemma 0.1.18, there exists some o € Gal(L/F) such that o(a) = 8. We define o(g) as the polynomial
obtained by applying o on the coefficients. By the normality of K/F, o(g) € K[X] and o(g) is irreducible.
It follows that o(g) = g¢; (since they share a root) and deg g = deg g;. Since, our choice of g and g; was
arbitrary, the result follows.

Problem 9. Let K/F be a finite Galois extension. For « € K, define the Norm and Trace of « by

(Norm) Ng/r(a) = H o(a)
oeGal(K/F)

(Trace) Trg/r(a) = Z o(a)
oE€Gal(K/F)

(a) Show that Ng,p(a), Trg/p(a) € F for all o in K.

(b) Show that N, p is a homomorphism K* — F*, and Trg/p is a homomorphism (K, +) — (F,+).
(¢) Suppose that o = o () — 8 for some o € Gal(K/F) and 8 € K. Show that Trg/p(a) = 0.
)

(d) Suppose that o = # for some o € Gal(K/F) and 8 € K. Show that Nk, p(a) = 1.

Solution 9.
(a) Gal(K/F) fixes Nk p(a) and Trg p(a). The result follows.
(b)
(Norm—Homomorphism)
Ng/r(ap) = H o(aB) = H o(a) x o(B) = Ng/r(a) x Ng,p(B)

oc€Gal(K/F) oc€Gal(K/F) c€Gal(K/F)
(Trace—Homomorphism)

Trplat+B8)= Y. ola+pf)= > o)+ Y o(B)=Trgr(a)+ Trgr(B)

c€Gal(K/F) c€Gal(K/F) c€Gal(K/F)
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(c) By part (b),
Trg/p(o(B) = B) = Trg p(o(B)) — Trg/p(B) =0
since Trg/p(0(8)) = Tr/r(B)-
(d) By part (b),

=1

o(B)\ _ Nksr(0(B))
NK/F( 5 > Nir (8)
since NK/F(U(B)) = NK/F(ﬂ)-

Problem 10. Let f(z) be a separable polynomial with coefficients in Q, and let K denote its splitting field.
Suppose that f has at least one (and hence at least two) nonreal roots. Show that |Gal(K/Q)| is even.

Solution 10. It suffices to prove the case where f is minimal (and hence separable). Consider the interme-
diate field L created by adjoining all real roots of f to Q and the polynomial g € L[X] formed by dividing
out the real roots of f. By the Complex Conjugate Root Theorem, deg g is even. It follows that [K : L] and,
hence, [K : Q] are even.

Problem 11. Let « = v/6 + /11 and 8 = v/6 — V11. Let L = Q).

(a) What is the minimal polynomial of a?

(b) Show that 3 € L.

(c) Show that {1,a,a? o} is a basis for L over Q. Show that v/11 € L and express it in terms of this
basis.

(d) Compute Gal(L/Q).

(e) Write a in the form \/a + v/b, for some a,b € Q.

Solution 11.

(a) f(x) = (22 —6)% — 11 = 2* — 122% + 25 has a as a root. By Lemma 0.1.11, f has no rational
roots. Hence, if it did factor into the product of two lower degree polynomials, it would factor as
the product of two quadratics (with integer coefficients by Gauss’s Lemma). Suppose,

f(z) = (2 +bx + 5)(2* + bz +5).
Then,
b+b' =0
bb' = —22
It follows that (b)° =22 = b ¢ Z. Suppose
f(@) = (2> + bz + 1)(2* + 'z + 25).

Then,
b+b =0
250 +b' =0
bb' = —38

No solutions for this system of equations exists. Repeating similar arguments for the other two
factorizations of f, it follows that f is irreducible.

o) 56) = (Vo= VIT

N—
[ V)

2
— 6) — 11 = 0. If follows that the roots of f are

a=1/6+ V11 o =—\/6+ V11
B=1/6-VIiL Bl=-\6-Vi1
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Call the splitting field of f F. Since a + o’ = 0=+ ', we have that Gal(F/Q) < D,. Noting
A=(a—d)(a—pB)a—p)(a - B)*a — BB~ ) = 774400 = 8807,
Gal(F/Q) is strictly smaller than D,. By part (a), we’ve bounded |Gal(F/Q)| below by 4. Since

[L:Q=4=[F:Q]and L < F, L =F, and the desired result follows.
(¢) The first follows directly from the minimality of f. For the second,

a? —6=11.
(d) Gal(L/Q) 2 7Z/27Z x 7./]27.
(e)

— \V6+V1il=+va+ Vb

— 6+ V1l =a+b+ Viab

Using that 6 = a + b and 11 = 4ab (and ignoring indistinct unordered pairs (a, b)), a = 11/2 and
b=1/2.

Problem 12. If K is the splitting field of some cubic polynomial f(x) such that Gal(K/Q) = S3 , then K
contains a subfield F' with [F': Q] = 2. What is F' in terms of f(x)?

Solution 12. F = Q(v/A).

Problem 13.
(a) Show that x2+x+1 is irreducible over the field Fy with two elements, and let K denote its splitting
field. Show that K is a field with four elements (we write it as Fy). Compute Gal(K/F3).

(b) Let K denote the splitting field of 2® +x + 1 over Fy. How many elements does K have? Compute
Gal(K/F2).

Solution 15.
(a) 0°4+0+1=1 (mod 2) and 12 +1+1 =1 (mod 2). The irreducibility of 22 + z + 1 follows. Let «
be a root of 22 4+ x + 1. Then, the basis of K/F5 is {1, a}. It follows that there are precisely 2% = 4
elements in K. Gal(K/Fs) = {e,o} where o(a) = 1.
(b) By Problem 18, we have that Gal(K/F3) & A3 (S5 is not cyclic). It follows that |K| = 23 = 8.

Problem 14. Suppose that F' is a (finite) field with p™ elements, for some prime p. Show that every element
of F is a root of z?" — x.

Solution 14. 0°" —0 = 0. By Lagrange’s Theorem, for all z in the multiplicative group, 2" ~* —1 = 0. The
desired result follows.

Problem 15. Show that all finite fields with p" elements are isomorphic. We call any such field [Fyn.

Solution 15. Let F be a field of order p™. We begin by showing there exists a field of order p within F' by
noting the existence of the field isomorphism o : F,, — F where 6(1+1+---+1)=1+14---+ 1. Now,

n times n times

consider a field K where |K| = p™. Call the subfield of F and K respectively of order p F’' and K’. There
exists an isomorphism 7 : F' — K'. Since both F and K are splitting fields of z?" — z, it follows that 7 can
be extended to an isomorphism p : FF — K by Lemma 0.1.19.
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Problem 16. Show that F,m is a subfield of F,» if and only if m | n.

Solution 16. Suppose Fpm < Fpn. Then,

n __ . mx [Fpn :]Fpm]

b =p én:mx[Fpn:]Fpm].

Now, suppose n | m. Then, f(z) = 2P" — x divides g(z) = 2" — z. Tt follows that the splitting field of g
over [F,, contains that of f over [Fp.

Problem 17. Show that the function o : Fpn — F,n given by o(z) = 2P is an automorphism fixing F,,.
What is its order in Gal(F,»/F,)? Compute Gal(Fyn /F,).

Solution 17. We show o fixes [F), by noting 0?7 = 0 and by applying Lagrange’s Theorem on the multiplicative
group. Let z,y € Fyn

p—1

(Additive Homomorphism) (x+y)P =a?+ Z <f) Pyt oyt = 2P pyP
i=1

(Multiplicative Homomorphism) (zy)? = aPy?

It follows that o is an automorphism (note the implicit use of Lemma 0.1.9). Since the multiplicative group
of any finite field is cyclic, we can guarantee the existence of some « such that the order of o is p” — 1 in
the multiplicative group of Fn. It follows that |o| = n. Noting [Fpn : Fp] = n, Gal(Fpn /F,) = Z/nZ.

Problem 18. Let f(x) = 2% + ax + b be an irreducible cubic polynomial, and let K be its splitting field.
Show that Gal(K/Q) = S; unless —4a® — 27b? is a perfect square, in which case Gal(K/Q) = A3 = Z/3Z.

Solution 18. Call the roots of f «,,v. Noting v = —(«a + ) and by use of Vieta’s formula,

A=(a=pB*a=7)*(B-7)°
= (a=P)*(2a + B)*(26 + a)?
=40a° +120°8 — 30 3? — 2603 3% — 3028 + 12a8° + 435
= —4(af — ala+p) - Bla+ )’ - 27(af(a + B))?
= —4a3 — 27b*

The desired result then follows.
Problem 19. Let F be a field and « transcendental over F . Let GLo(F') denote the group of 2 X 2 matrices

with entries in F' with nonzero determinant, and let Z(GL2(F')) denote the center of GLy(F). Let PGLy(F)
denote the quotient group GLo(F)/Z(GL2(F)). Show that Aut(F(x)/F) =2 PGLy(F).

Solution 19. For transcendental x, F'(z) consists of elements of the form g g;g where f,g € F[X]. The
elements of Aut(F'(z)/F) are of the form o(f) = f o ¢, where ¢ € F(x). Now, noting that ¢ is bijective,

there exsits f € F(x) such that f o ¢ = 2. By Lemma 0.1.20, it follows that ¢ is of the form

ar +b
cx+d

¢(z) =
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with ad # be. We prove all such ¢ extend to elements of Aut(F(x)/F) by noting, for f,g € F(x),
(Additive Homomorphism) (fod)+(god)=(f+g)od

(Multiplicative Homomorphism) (fop)x(gog)=(fxg)og
Surjectivity follows from the existence of ¢~!. Now, define 7 : Aut(F(z)/F) — PGLo(F) such that
a b
o) = (4 ) 2(G1a(r)

where o(z) = ‘Zﬂfig For some o’ € Aut(F(z)/F), o'(z) = Z,/;’“’_ts: Suppose o = ¢’ (Le. % = Z,’;f_tdb:) It
follows that

(16) acd =d'c

(17) ad +bcd =bc+d'd
(18) bd' = d
Noting

-1
@ b a Y\ _ 1 (da—bc dt —bd\ _ (y 0O
(C d) X<C/ d/>_adbc (ac’ca’ ad’cb’>_(0 y)EZ(GL2(F))

with y = d;(;:gz/ = aj;:glc", we conclude 7 is well-defined. Seeing that
a%=Hl b "+ eb b+ bd
(19) e
ety +d (ca’ +dc" )z + (et + dd')
(20) a b o a b\ _ fad +b ab +bd
c d d d) \ed +dd b +dd
we have that 7 is a homomorphism. ker(7) is trivial since
b
(Z 2) € Z(GLy(F)) = a=d, b=c=0 = Zjid =z,

and im(7) = PGLa(F') since

(2 1) o a2

Problem 20. Let a and b be integers, and let f(x) = 2% + ax? +b. Assume that f(x) is irreducible over Q,
and let K be the splitting field for f(x) over Q. Show that

o If b is a perfect square, then Gal(K/Q) = Z/27Z x Z/2Z.
o If b(a® — 4b) is a perfect square, then Gal(K/Q) = Z/47Z.
e Otherwise, Gal(K/Q) = Djy.

This result is known as Kaplansky’s Theorem.

Solution 20. Call the roots of f {z,y,—x,—y}. Sincez —z=0=y —y, Gal(K/Q) < Dy.
A=(z-y— () - () — () - () (z—(-))

= ((4ay) (@ — )@ +1)*)°
— 16222 (2 + y* — 202y?)?
= 16b(4b — a*)?

Since, by Vieta’s formula,

(21) a=—(z*+y?)

(22) b= az%y?
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(i) VA € Q «— b€ Q. Noting the only subgroup of Dy in Ay is Z/27 x Z/27Z, the desired results
follows.

(ii) Since f is irreducible, v/b ¢ Q since v/b € Q implies /a2 — 4b € Q, and, hence, f factors as

fla) = <x2 _—a+t \/2a2 - 4b> <x2 _—a-— 2a2 - 4b> .

Since /b(a2? — 4b) = zy(2? — y?) € Q, we have that the map 7 = (z, —x) doesn’t fix \/b(a2 — 4b).
Then, Gal(K/Q) isn’t Z/2Z x Z/2Z (or D4) — the only remaining option being Gal(K/Q) = Z/47Z.

(iii) From (i) and (ii) (and their converses), Gal(K/Q) isn’t Z/27Z x Z/27 or 7Z/4Z. The only other
possibility is Dy.

Problem 21. Let pi,pa,...,p, be distinct prime numbers. Let K = Q(\/p1,...,1/Pn). Show that
[K:Q]=2".

Solution 21. Consider the intermediate field Fy, = Q(\/p1,...,+/Pr)- We claim that for any subset S C
{pk+17 cee up’n}7 HS\/‘% ¢ Fk
€

(k=1) Let S={pi,,Pisy---+Di,, }- SUppose /pi, i, - --Di,, = @+ b\/p1. Then,
0= (a® 4+ b°p1 — PiPiy - - - Pir,) + 2aby/p1.

Ifa=0,b=,/ pilz)i;%pim, which contradicts that b is rational. If b =0, a = /p;; Pi5 - - - Pi,, , Which

contradicts that a is rational. The desired result follows.
(k> 1) Suppose the statement holds for k—1, and let S = {p;,, pip, .- ., Di,, - Then, note Fy, = Fj,_1(\/Dk)-

Suppose /P, Piy - - - Di,, = @ + by/Dr with (a,b € Fj_1). Then,
0= (a® + bp. — pi,Pis - - Pi,) + 2aby/Dr.
If a = 0, we have that bp, = \/Di, i, - - - Di,, Pk, Which contradicts the inductive hypothesis, and, if

b=0, a =.,/Pi,Piy - - - Di,,, contradicting the inductive hypothesis.
It follows that /prr1 ¢ F, and, hence, [K : Q] = 2™.

Problem 22. Let K = F(x1,...,2,) denote the field of rational functions in n variables over a field F. For
1 <i < n, let s; denote the ith elementary symmetric polynomial in x1,...,x,, given by

$1 =21+ T2+ -+ Ty
So =T1T2 + 213+ -+ Tp_1Tp

83 = X1T2T3 + T1T2X4 + -+ - + Tn—2Tn—1Tn

Sp =X1T2...Tp

a) Show that if f(x1,...,x,) is any rational function in x1,...,x, that is symmetric in z1,...,z,
) ) y ) ) y ) )
(ie. f(z1,22,...,2n) = f(x2,21,...,x,), and similarly for permuting the variables in any way),
then f can be expressed in terms of sq,...,s,.

(b) Show that the automorphism group Aut(K/F) has a subgroup H isomorphic to the symmetric
group S, given by permuting the indices of the x;’s.
(c) Show that K = F(sy,...,s,).

Solution 22.
(a) Phrased differently, the desired results is

Given a symmetric rational function f, f € F(s1,...,8n)-
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It suffices to prove the result for polynomials in z1,...,2,. For monomial f(z) = x7*z3* ...z,
define deg f = (e1,€2,...,e,). We extend this to polynomials by use of a lexicographic ordering,.

That is, for (x1,x2,...,2,) and (y1,y2,...,yn) in N, (x1,22,...,2Zn) > (Y1,Y2,- -, yn) if, for the
first ¢ such that x; # y;, ; > y;. Then, for an arbitrary polynomial f, deg f is the degree of
the largest monomial in f. Naturally, call this monomial the leading term of f (denoted lead f).

Now, we proceed by induction on the degrees. Noting F' C F(s1,...,s,), the constant polynomial
belongs in F(s1,...,$,). Then, suppose f is a symmetric polynomial with lead f = ax(*z5* ... x8".
Since

deg (f x g) = (deg f) + (deg g9),

we have that lead as{' %5527 ...s." ' “"s¢ = lead f, and, hence, by the inductive hypothesis,
(f —as§ ™82 7% s s ) € F(s1,...,8n) = f € F(s1,...,8n).

(b) Define ¢ : S,, = Aut(K/F) as ¢(c) = 7, where
To(f(x1, 32, ... 2n)) = flo(21),0(22), ..., 0(2n)).
Noting the follow,
(Additive Field Homomorphism)
To(f(x1, 20, . xn) + g(x1, 20, ... 2)) = 7o (f(T1, 22, ..., Tn)) + To(g(x1, 22, .. ., 24))

(Multiplicative Field Homomorphism)

To(f(x1, 20, . xn) X g(x1,Ta, ..., 2n)) = To(f(T1, 22, ..., Tn)) X To(g(x1, 22, ..., 24))
(SurjeCtiVity) To (f(O'_l(l‘l), 0.—1(1:2)’ teey U_l(xn))) = f(xlv Z2, ... ,.’L‘n)
(Group Homomorphism) Toy (Toy (f(X1,22, ..., 20))) = Towe, (f(@1, 22, ..., 24))

we have that ¢ is a well-defined, homomorphism. The injectivity of ¢ follows from noting that if
o # e, there exists distinct 4, j such that o (i) = j. Hence, 7, # e since 7, doesn’t fix z;, and ker(¢)
is trivial.

(c) By part (a), K = F(s1,...,5,).
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Insolvability of the Quintic

Problem 1. Find the roots of % — 522 + 5.

Solution 1. Let z =y + % Applying this substitution, we get

=23 —522+5
3 2
5 5
125 25 50
3 2 2
Y N N R . T R B VY
e B 18
VTRV
: _ _ 2
Setting y = o + 3 where 3a8 = —%,
25 185
_ 3, 29 185
=(@+p) + F(a+p)+ 5
25 185
:a3+353+3a5(a+ﬁ)+§(a+5)+7
185
_ 3, 3, 19
a5
e ()
b

Setting =3 — 522 4+ 5 =0,

o 185 5 (25\° 5 5(1/2688001 — 962)
o+ —a’ —|(— ) =0 = o’ = .
27 9 1404

It follows that

or 5 (v/2688001 — 962) |5 (/2688001 — 962) /5 (/2688001 — 962) ,
@ 1404 : 1404 3 1404 3

5

— g _ 25 4 5
and x = a 5o T 3.

Problem 2. Show that if K/F is a Galois extension and L/F is any extension, then K L/L is Galois, and
Gal(KL/L) = Gal(K/K N L).

Solution 2. By Problem 7 of the previous chapter, KL/L is Galois. Define our homomorphism 7 :
Gal(KL/L) — Gal(K/K N L) by taking restrictions. That is, 7(o) is the restriction of o onto K — K.
Since o fixes L, 7(0) fixes LN K, and the automorphism properties of o transfer to 7(o). 7 is injective since
ker(7) is trivial. im(7) = Gal(K/E) where K/E/K N L is some intermediate field. Since E is fixed by the
restrictions of Gal(KL/L), we have E C L and, hence, E = K N L. We conclude 7 is an isomorphism.

68
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Problem 3. Find, with proof, an irreducible sixth degree polynomial whose Galois group is not solvable.

Solution 3. Consider f(x) = x%—1022+2z+6. By Eisenstein’s criterion with p = 2, f is irreducible. Denote
the roots of f aq, as, asz, a4, as, and ag.

—

1f(@

15 -1 /-05 0.5

FIGURE 1. f(x) = 2% — 1022 + 2z + 6 has 4 real roots.

Call the splitting field of f L and let H; = Gal(L/Q(a;)). We prove f(x)/(z — «;) is irreducible over
Q(a;). Notice that this is equivalent to showing 5 | Gal(L/Q). Consider the polynomial f = 25+ 2z + 1,
constructed by reducing the coefficients of f modulo 5. Call the splitting field of f over F5 K. As f =
(r —4)(2° +42* + 23 + 422 + £+ 1) (mod 5), K is the splitting field of g(z) = 2° + 4a* + 2% + 42% + 2 + 1.
We hope to prove g is irreducible. By observation, g has no roots in F5. Hence, we factor g as
g@) =@ +ar? +br+)(2? +cx+1) =2+ (c+a)z* + (1 +ac+b)x® + (a+be+ 1)z + (b+ )z + 1.
It follows that

ct+ta=4 = a=4—-c

ac+b=1

a+bc=3

b+c=1 = b=1-c¢
Solving for ¢, we find that (4 —c)e+ (1 —¢) =0 = > —3c—1=0and (4—c)+c(l—-c)=3 = 2 =1.
It follows that no solutions exist for the above system of equations, and, hence, g is irreducible. By Lemma
0.1.23, 5 divides |Gal(K/F,)| and |Gal(L/Q)|. Now, we show Gal(L/Q) acts 2-transitively on the roots.
Consider the subsets of the set of roots {c;, ax} and {a;, au }. As Gal(L/Q) acts transitively on the roots
(Lemma 0.1.18), we choose f € Gal(L/Q) such that f(o;) = «j. Similarly, as Hj acts transitively on
{a1, a9, a3, a4, a5, 6} \ {o7} and fixes a;, we choose g € Hjs such that (g o f)(ag) = ap. Now, since
complex conjugation is a 2-cycle in our Galois group, Gal(L/Q) contains a transposition and is the full
symmetric group of degree 6 (Lemma 0.1.22).

Problem 4. Let ¢, = ¢?™/™. Compute the degrees [Q((,) @ Q(C + ¢ V)] and [Q(C, +¢7Y) = Q.

Solution 4.
(n>2) Note ¢, is a root of 22 — ((, + ¢, 1)z + 1. Since Q(¢, + ¢, ') <R (and Q(¢n) £ R),

[Q(Gn) : Q6n + ¢ 1) =2

QG+ @)= 20
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(n=1,2) [Q¢): Q¢+ ¢, =1and [Q¢ +¢, 1) : Q=1

Problem 5. Find the minimal polynomials of {7 + C;l and (7 + (2 + (7.

Solution 5. Notice (7 + C7_1 = 2cos (27”) Using a result from Problem 2 of Chapter 2, our minimal
polynomial is f(z) = 8(x/2)% + 4(x/2)? — 4(x/2) — 1 = 2% + 2% — 22 — 1. Since

= (GH+EG+D) GG+

=420 +2¢° +2¢" +2¢° +2¢° + ¢°

=21+ C+2C2+203 +2¢ +2¢° +2¢5) -2

=207 (¢r) —2=-2

the minimal polynomial of ¢; + (2 + (F is g(x) = 2% + x + 2.

Problem 6. Let p be a prime and a an integer. Define the Legendre symbol (Z) by

1 a is a perfect square modulo p,

(a) ={ —1 a is a nonsquare modulo p,
P 0 a=0 (modp).

o stow i () = (2) ().

(b) Let

s =S (2)am

n=0 p

Show that g(a,p) = (Z)g(l,p). Conclude that for any a with ged(a,p) = 1, g(a,p)? = g(1,p)%.

(c) If ¢p is a primitive root of unity, compute

p—1
Z Can
P
a=0
in terms of n.
(d) Compute g(0, p).
(e) Show that
o(1.p)? = p p=1 (mod4),
’ —p p=3 (mod4)
by evaluating
p—1
> " g(a,p)g(—a,p)
a=0

in two ways.

Solution 6.
(a) e The product of two quadratic residues is a quadratic residue: z?y? = (zy)? (mod p).

e The product of a quadratic residue and a non-residue is a non-residue: z2y = 22

mod p = y= (5)2

T
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e The product of two quadratic non-residues is a residue: Let a be a non-residue. Note
that ax = ay (mod p) <= 2 =y (mod p). Then, since the map f : (Z/pZ)* — (Z/pZ)*
where f(z) = ax is injective and sends all quadratic residues to non-residues (and by point 1
of Lemma 0.1.21), it follows that all non-residues are sent to residues.

The result follows.

(b) Let the kth summand in g(a,p) be (’;)(gk = (2)@{ where ak = j is a residue modulo p. Then,

(2)s- (5= G

and, hence, the desired result follows.

- an_{p a=0 (modp),
= 0 a#0 (mod p).

p—1

(d) g(0,p) = > (;) =0, by point 1 of Lemma 0.1.21.
n=0

(e) For integral m € [0,p — 1], denote ¢4 as the coefficient of (J** in g(a, p)g(—a,p). By expanding

out g(a,p)g(—a,p), we find that for non-zero a,

p—1 m=0 (mod p),
Cma = (1(1;m)> + <2(21—)m)> 4t ((p—l)(z;—l—m)) m 5_'5 0 (mod p)
By point 3 of Lemma 0.1.21, for all non-zero m, ¢, = —1. Hence,

gla,p)g(—a,p) =p — 14+ —(P,(p) — 1) =
Then,

S gl p)g(—ap) = (6(0.)° + > p=plp—1).
a=0 a=1

Alternatively, we can write Z;(l) g(a,p)g(—a,p) as

gg(a,p)g(—a,p) = g(Lp)sz_‘i (—paQ) —oLp) 2p—l ( )

a=0 a=1

M

By point 2 of Lemma 0.1.21, we have that g(1,p)? = p for p =1 (mod 4) and —p otherwise.

Problem 7. In this problem, we prove the famous quadratic reciprocity theorem. For an odd prime p, let

. Jp p=1 (mod4),
P= —p p=3 (mod4).

Let us write g for g(1,p). Let ¢ be an odd prime different from p.
qg—1
(a) Show that (‘;) =a7 (mod q).
(b) Show that g7~ ! = (”(;) (mod q). Thus, g9 = <7§)g (mod q).
(¢) Show, using the binomial theorem, that g? = g(q,p) (mod q).

(d) Show that (Pq) = ( )

(e) Evaluate | =t
q

(f) Show that (g) (g) = (—1)=HE

hSATS)
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Solution 7.
(a) Notice that

(aqT_1 — 1) (aqT_1 + 1) =a? ' -1=0 (mod p).
Since there are precisely q;—l quadratic residues (point 1, Lemma 0.1.21) and every quadratic residue

a satisfies a7 — 1 =0 (mod ¢), the result follows.
(b) By part (e) of Problem 6,

Gj:wﬂ¥@ffw“<mwy

(¢) By the Binomial Theorem (Lemma 0.1.9), (a + b)? = a? + b7 (mod gq) since ¢ | (7}) for i ¢ {0,n}.
By induction, we can extend this to the case with multiple summands. Hence,

9" = pz_:l (Z)C,?” =9(g,p) (mod q).

n=0

(d) By part (c) and part (b),

()= ) o

q

Since ¢ is an odd prime and the legendre symbol only outputs 1,—1, and 0, the result follows.
(e) See point 2 of Lemma 0.1.21.

(f) (g) (g) = (Pg) If p=1 (mod 4) (Le. p =4k + 1),

* 2
(pp > — (p> —1= (_I)ka% _ (_1)%4@—1).
q q

If p=3 (mod 4) (Le. p=4k + 3),

() = () = 03" =yt e - =i,

q

Problem 8. If n > 2, then ¢(n) = [(Z/nZ)*| is even. This means that Q((,) has a subfield K (possibly
more than one) with [K : Q] = 2. Thus, K can be expressed as Q(v/d) for some d. Find a suitable d, in
terms of n. Can you find all such d?

Solution 8. For any odd prime p dividing n, let d = p*. If n is a power of 2, let d = —1. Now, suppose
n=pi X ps? x -+ x ptm where the p;’s are odd primes. Then,

(Z/TLZ)X = (Z/pilZ)X % (Z/pgzz)x N, (Z/p%nZ)X
~ Z/(pil _pilfl)Z X Z/(pg2 _p;2*1)Z X oeee X Z/(p:inm _p:anm—l)Z

Noting that the number of index 2 subgroups is the same as the number of order 2 subgroups, we count the
number of order two elements to note there are 2™ — 1 quadratic subfields. Let S = {p},p3,...,p},}. Then,

de {m eClz = H a for any non-empty subset S of P} .
acsS

For the special case where n is even, let n = 2 x pS? x -+ x p¢m. Then, our set S changes to
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(kzl) S = {pzv""pfn}
(k=2) S={-1,p5-..,0m}
(k>2) S={2,-2,p5,...,05}

Problem 9. Suppose [F(a) : F] is odd. Show that F(a) = F(a?).

Solution 9. Since f(z) = 2% —a? € F(a?)[X] and f(a) =0, [F(a) : F(a?)] € {1,2}. Since [F(«) : F] is odd,
F(a) = F(a?).

Problem 10. Suppose that D is a non-square, positive integer that can be written as a sum of two squares.
Show that there is an extension L/Q(v/D) such that L is Galois over Q with Gal(L/Q) = Z/4Z. Hint:

Consider Q (\/ D+ a@), where D = a® + b2.

Solution 10. Let L be the splitting field of f(z) = (2* — D)? — a®?D = 2* — 2D2? + (D? — a®>D). To prove
the irreducibility of f, it suffices to show v/ D +avD ¢ Q(v/D). Suppose there exists rational z and y
such that VD +avVD = z +yvD = D+ aVD = 2> + y?D + 2zy/D. Setting D = z? + y?D and
a=2zxry = y= =

2z’
2

D:x2+% = 4a' —4D2” + a’D = 0.
For the polynomial g(z) = 422 — 4Dz + D,
A, =16D?* — 16a*D = 16(a* + b* + 2a*b* — a* — a®b?) = 16b*(b? + a*) = 166>D
is not a perfect square in Q. It follows that no such z and y exist. Applying Kaplansky’s Theorem,
Gal(L/Q) & Z/AZ since (D? — a®>D)(4D? — 4(D? — a?D)) = 4a®>D?b? is a perfect square in Q.

Problem 11. Show that if D is not a sum of two squares, then there is no such L as in the previous
problem. Conclude that there is no Z/47 extension containing Q(v/3).

Solution 11. We hope to show the quadratic sub-field of any Z/47Z extension L/Q is of the form Q(v/D)
for non-square, integer D, where D is the sum of squares in Q. Consider the tower L/Q(+/d)/Q. Since
L = Q(Va+ bV/D) for some a,b € Q, we have that L is the splitting field of f(z) = z* — 2ax? + (a® — b*D).
As f is irreducible, we apply Kaplansky’s Theorem to note

V(a2 —02D)(4a2 — 4(a2 — b2D)) = /(a2 — b2D)4b>D € Q = (a® —b*D)D = ¢?
2

2 .
for some ¢ € Q. It follows D = (g)Q + (%) . Now, for integer n,p, q,7,n = (2)" + (%)2 = r2n=p?4¢>
By the Sum of Two Square Theorem, the prime decomposition of n contains no primes congruent to 3 modulo

4 raised to an odd power, and, hence, n is the sum of squares in Z. The desired then follows.

Problem 12. Show that if p is prime and G is a transitive, solvable subgroup of S,, then G is contained in
a Frobenius group, which is a group of order p(p —1). (One interpretation of a Frobenius group in S, is the
normalizer of a Sylow p-subgroup).

Solution 12. We first show that every non-trivial normal subgroup H of G is transitive. Call the orbits
induced by the action of H O1,03,...,0,,. Let 7 € G and i,j € O,. lLe. there exists 0 € H such that
o(i) =j.

(1) If (i) € Oy, 7(j) € Qg since (toT71)(7(i)) = 7(j).
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(2) If 3o € H such that a(7(i)) = k, then k = 7 ((77ar)(i)).
As G is transitive, |O1] = |O2| = -+ = |On| € {1,p}. As H is non-trivial, H is transitive. To show the
Sylow p-subgroup P of G is normal in GG, we proceed by induction on the length of our solvable series. If G
is abelian, the result follows immediately. Suppose {e} <--- I H < G. Since H is transitive and solvable,
the inductive hypothesis guarantees P < H. For g € G, gPg~' < gHg~! = H. By the Sylow Theorems,
normality in H is equivalent to uniqueness in H, and, hence, gPg~! = P.

Problem 13. Suppose that F' is a field of characteristic not dividing n, and suppose further that F
contains all the nth roots of unity. Fix a € F*, and let K = F({/a). Show that K/F is a Galois extension,
and Gal(K/F) is cyclic of order dividing n.

Solution 13. As the roots of ™ — a are of the form /a, ¥/a(l,, ¥/aC?,..., /a¢" 1, K/F is both normal

and separable. Define the map f : Gal(K/F) — Z/nZ such that f(o,,) = m if op(a) = al. As fisa
homomorphism, Gal(K/F) is cyclic with order dividing n.

Problem 14. Suppose K/F is a finite Galois extension, and Gal(K/F) = {o1,...,0,}. Show that o1,...,0,

are linearly independent, in the sense that if c¢q,..., ¢, € F satisfy
co(z) + -+ cpon(x) =0
for all x € K, then ¢y = --- = ¢, = 0. This result is known as linear independence of characters.

Solution 14. We proceed by induction. Suppose c¢101(x) + cao2(x) = 0 for all x € K. Setting = 1,
¢1 = —ca. Choosing y such that o1(y) # 02(y), c1(o1(y) —o2(y)) = 0 = ¢ = ca = 0. Now, suppose
cro1(x) + -+ + emom(x) = 0. Choosing y such that o1(y) # om(y),

(23) c1o1(y)o1(x) + -+ emom(y)om(z) =0

(24) c10m(Y)o1(z) + -+ + cnom(y)om(z) =0

Subtracting (14) from (13),

c101(z)(01(y) —om(y)) + -+ cm-10m—1(2)(Om-1(y) — om(y)) = 0.
By the inductive hypothesis, ¢; = 0. Repeating this argument for the other ¢;’s, the result follows.

Problem 15. Let F' be as in Problem 13, and let K/F be a Galois extension with Gal(K/F) = Z/nZ.
Let o be a generator of Gal(K/F). For a € K and an nth root of unity (, define the Lagrange Resolvent as

(a,¢) = a+Co(a) + o’ (@) + -+ ("o Ha).

(a) Show that (o, ()™ € F.
(b) Show that if ¢ is a primitive n*® root of unity, then there is some ay € K such that (ag,¢) # 0.
(¢) Show that (ap, () does not lie in any proper subfield of K.

(d) Conclude that if a = (ag, (), then K = F({/a).

Solution 15.
(a) Noting o((@,)) = ¢(@,C), 7 (@, )") = C*(a, O = (o, O™
(b) By The Linear Independence of Characters, such «p must exist.
(¢/d) Noting o™ ((ap,¢)) = (™ (e, ), we have that (g, () isn’t fixed by any non-identity elements of
Gal(K/F). The desired results follow.
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CHAPTER 3.1

Rings and Ideals

Problem 1. Prove Proposition 2.6: For a ring R,

(1) The additive and multiplicative identities 0 and 1 are unique.
Additive inverses are unique.

(2)
(3) (=1) x (1) =1.

(4) Forany a € R, a x 0=0.

(5) For any a € R, (—1) X a = —a.

Solution 1.

(1) The uniqueness of 0 follows from noting R is a group under addition. For the unigness of 1, consider
the two additive identities 1 and 1. As 1 xr=r =1 xr for allr € R, set r = 1 and the result
follows.

) Once again, this follows from noting R is a group under addition.

) By (4) and (5), -1 x -1+ —-1x1=-1(-141)=-1x0=0 = —-1x-1=1.

Jb=ax(04+0)=ax0+ax0=b+b = b=0.

)Ixa+(-1l)xa=a(lx-1)=0 = —1xa=—a.

Problem 2. Let R be a ring. Show that if @ € R is a unit, then it is not a zero divisor.

Solution 2. ab=0 = b=a"1 x0=0.

Problem 3. Show that any subring of a field is an integral domain.

Solution 3. For such a subring, every element has an inverse in the field. By Problem 2, the result follows.

Problem 4. Show that if I C R is an ideal and I contains a unit, then I = R.

Solution 4. We have the first inclusion for free. For unit ¢ in I, ala=1€l = RCI.

Problem 5. Show that if R is an integral domain and a,b € R are such that (a) = (b), then there is a unit
u € R so that b = au.

Solution 5. If ab = 0, then a = b = 0. In which case, we choose u = 1. If ab # 0, there exists u,u’ € R such
that au = b and bu’ = a. Then, (ab)(uv') = ab = uu’ = 1. Le. w is a unit.

Problem 6. In which rings R is the ideal (0) a prime ideal?

Solution 6. Integral domains.

76
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Problem 7. Show that commutativity of addition follows automatically from the other ring axioms, even
without assuming commutativity of multiplication.

Solution 7. By use of associativity and distributivity,
(a+b)—(b+a)=a+b—-b—a
=a+(b—-0)—a

=a—a=0

Problem 8. Show that a nontrivial finite integral domain (i.e. one with only finitely many elements, but
more than just one) is a field.

Solution 8. Let R be our ring. For arbitrary a € R (a # 0), define f : R — R such that f(z) = ax. [ is
injective and, hence, surjective. Then, there exists a=! € R such that aa=! = 1. R then satisfies the field
axioms.

Problem 9. Show that if I and J are ideals of a ring R and [ + J = R, then INJ = IJ. Find a
counterexample when I + J # R.

Solution 9. We note IJ C INJ. As I +J = R, we can write an arbitrary element of I N.J as a + b and
l1=a"+V fora,a’ €l and b, € J. Sincea+beINJ,ac Jandbec I. Hence,

a+b=(a +V)a+ (a+b)b=ad +ab +ba' +bb € IJ.
For our counterexample,let R=7,1=(2),and J=(4). [+ J=I#Rand IJ=(8)# (4)=1INJ.

Problem 10. Give an example of a ring R and ideals I and J such that {ij : ¢ € I,j € J} is not closed
under addition. This explains why the definition of ideal multiplication is what it is.
Solution 10. Let R=7, I = (2,z), J = (3,z). Then,

(z4+4)(2+6)+2x3=2+100+30¢ {ij:ic€I,j € J}.

Problem 11. Show that R[z] is a PID. Show that Z[z] is not a PID by showing that (2, z) is not a principal
ideal.

Solution 11. Let I be an ideal in R[z]. I = {0} = I = (0). For I # {0}, choose the smallest non-zero
degree polynomial f. For g € I,
9(x) = q(2) f(z) + r(z) = r(z) = g(z) —q@)f(x) € I = r(x) =0.

Hence, I = (f). Suppose (2,z) = (g) for some g € Z[z]. If deg g = 0, 2 | g since the elements of I have even
constant terms. Then, x ¢ I. If deg g > 0, 2 ¢ I. (Alternatively, the result follows directly from Lemma
0.1.24).

Problem 12. We now know that Z and R[] are PIDs. Express (12,18) C Z and (2% +x, 22 +22+1) C R[]
as principal ideals, generated by single elements.

Solution 12.
e As 6| 12,18 and 18 — 12 =6, (12,18) = (6).
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e Aszx+1 |22 +x,2?+2r+1landor+1= (2> +22+1)— (22 +2), (2> +22+ 1,22 +2) = (v + 1).

Problem 13. Let f(x) € Z[x] be an irreducible polynomial, and let p € Z be a prime. When is (p, f(x)) a
prime ideal of Z[z]? Explain why (2,22 + 1) is not a prime ideal.

Solution 13. Denote the reduction of f modulo p f. Applying Lemma 0.1.25,
2s]  2/p2ls)
, f(x))  (f(=))

and, hence, (p, f(x)) is prime iff f(z) is prime in Z/pZ[x] (since both quotients have to be integral domains).
Noting that prime elements are irreducible and 22 +1 = (z—1)(z+1) (mod 2), (2,2%+1) is not a prime ideal.

Problem 14. Let f(z1,...,2,) € k[z1,...,2,] be an irreducible polynomial. Show that (f) C klx1,...,x,]
is a prime ideal. Find a prime ideal of k[z1,...,z,] that is not of this form.

Solution 14. Tt suffices to show f is prime. By Lemma 0.1.26 and induction, k[z1,...,z,] is a UFD, and,
hence, f is prime. By Lemma 0.1.24, the second part isn’t possible for n = 1. Forn > 2, call R = k[z1, ..., 2y)]
and, hence, R[x,] = k[z1,...,2,]. For prime p € R (for example, p = z1), consider

I'={q(zn) € Rlzn]| 4(0) € (p)}-

The primality of I follows from that of p. Now, assuming I = (f), then deg f = 0 and f = p since p € I.
Then, z,, — p = p(az, + b) = pax, + pb = 1 = ap, contradicting the primality of p.

Problem 15.
(a) Find examples of rings with exactly one maximal ideal. Fields have this property, but can you find

others? (Such rings are called local rings).
(b) Show that if R is a local ring with maximal ideal m, then R* = R/m.

Solution 15.
(a) By Problem 18 of the next chapter, Z/(4) has precisely one non-zero ideal.

(b) Asm # R, R/m C R*. Now, consider x € R/m. If x is a non-unit, () + m = R and there exists
y€ Rand m e msuch that zy+m=1. As (m)=(1—zy),(z) em,1=1—zy+2zy € m=R.

Problem 16. Compare the ideals of Z and the ideals of Z[1/2]. What happens with prime and maximal
ideals?

Solution 16. The prime and maximal ideals of Z are of the form (p) for prime p € Z. For Z[1/2], we begin
by noting

1 a, .
ZM :{§|alsodd, beZ}.
Consider an ideal I C Z[1/2]. Noting that INZ = (x) (z € Z) is an ideal of Z and, for integral a,

a/2® € I <= a € I, we have that I = (z). It suffices to determine the prime integers of Z[1/2]. Let p be
an odd prime. Then, for odd integers a, b, c,

c ab
P = g = ecp=ab = plaorp]bd.
Noting that 2 and —2 are units, we conclude the prime ideals in Z[1/2] are of the form (p) for odd prime
p € Z. We note that these prime ideals are all maximal since, for a/2° ¢ (p), a € (a/2%) + (p) and, hence, by
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Bézout’s Lemma (ged(a,p) = 1), 1 € (a/2°) + (p) = (a/2%) + (p) = Z[1/2].

Problem 17. Show that the following conditions on a ring R are equivalent:

(1) Every ideal of R is finitely generated.

(2) The ideals of R satisfy the ascending chain condition: if I; C Iy C I3 C ... is an ascending chain
of ideals of R, then there is some N > 0 so that, whenever m,n > N, then I,, = I,,. Such a chain
is said to stabilize.

(3) If S is any nonempty collection of ideals of R, then S has a maximal element, i.e. there is some
I € S such that there is no J € S properly containing 1.

When these conditions are satisfied, R is said to be a noetherian ring.

Solution 17.

(1) = (2) Suppose there exists a chain I C I, C I3 C ---. By (1), U,—, I,, is finitely generated. Noting
that these generators can be found in finitely many I;’s, it follows that the chain stabilizes

(2) = (1) We prove the contrapositive. Consider an infinitely generated ideal (z1,23,...) and the chain
(zl)a (zlva)’ e

(2) = (3) The existence of a collection S of ideals without a maximal element breaks the the ascending
chain condition.

(3) = (2) Consider the ascending chain I; C Iy C I3 C --- and the collection S of I;’s. As there exists a
maximal element I,,, I,,, = I, for all n > m.

Problem 18. Prove the Hilbert basis theorem, which says that if R is a noetherian ring, then so is the
polynomial ring R[z], and hence by induction R[z1,...,%,].

Solution 18. Consider an arbitrary ideal I C R[z]. We hope to show I is finitely generated. Consider the
chain of ideals of R mg C m; C my C --- where

m; = {r € R| 3f € I such that deg f =i and lead f =r}.
As R is notherian, we say the chain terminates at m,,. Call the generators of m; {mq,...,my}. Then, let
Si = {f1. f2,-.., fi} where f; € I, lead f; = m;, and deg f; = i. We prove that S = |JI_, S; generates I
by induction on the degrees of the elements of I. For degree 0 polynomials, the result is apparent since the

generators of mg = Sy. For f € I with deg f > 0, we construct g using S such that lead g = lead f and
deg g = deg f. By the inductive hypothesis, f — g can be generated by the S, and, hence, the result follows.

Problem 19. Show that the ring R[z1, 2,3, ...] of polynomials in infinitely many variables is not noe-
therian.

Solution 19. Consider the infinite chain

(z1) C (21,22) C (x1, 22, 23) C -+~ .
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Homomorphism and Quotients

Problem 1. Which of the following rings are isomorphic to each other?
(1) Z/60Z
(2) Z/AZ x 7./37 x Z/5Z
(3) Z/12Z x Z./57Z
(4) Z/2Z x 7.)2Z x Z./15Z.
(5) Z/2Z x Z,/3Z x Z./10Z
Solution 1. By the Chinese Remainder Theorem,
o (Z/60Z) = (ZAZ x 7./3T x 7./5T) = (Z/12Z x Z./5T)
o (Z/27. x 7.)27 x ZJ157) = (Z/27 x 7./3Z x Z.]/10Z)
Note (Z/27 x Z]2Z x Z/15Z) % 7./60Z because (Z/27 x 7./27 x Z/157Z) has no order 4 element.

Problem 2. Do there exist integers satisfying the following congruences? If so, find the smallest such
positive integer.

(a) 4 (mod 5), 3 (mod 6), 8 (mod 11)

(b) 4 (mod 6), 5 (mod 8), 9 (mod 13)

(¢) 3 (mod 6), 1 (mod 8), 5 (mod 11)
Solution 2.

(a) By application of the Chinese Remainder Theorem,
r=(8-7-5-6)+(5-11-3)+(6-11-4) =129 (mod 330).

(b) No solutions exist as the first two congruence are contradictory: if x =4 (mod 6), x is even, but,
if =5 (mod 8), = is odd.

(¢) Note x =3 (mod 6) iff x =1 (mod 2) and z =1 (mod 3) by CRT. Since =1 (mod 2) is already
implied by 2 = 1 (mod 8), our problem is reduced to solving the congruences

0 (mod3),1 (mod38),5 (mod11).
By the Chinese Remainder Theorem,
x=(8-11-3)4+(5-3-8-6)+ (11-3) =225 (mod 264).

Problem 3. Is R[z]/(z% + 1) an integral domain? A field? What about Clz]/(x? + 1)? Why do these
behave differently?

Solution 3. By Lemma 0.1.27, R[z]/(z% + 1) = R(i) = C, which is both a field and an integral domain. By
the Chinese Remainder Theorem and Lemma 0.1.27,

C

B o Cll | Cl Loy
@+ @t @9

As (0,1) x (1,0) = 0 and (0, 1) has no inverse, C x C is neither a field nor an integral domain. Note that

the principal reason these quotients are different is because 22 + 1 is irreducible in R but not in C.

80
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Problem 4. Show that if f : R — S is a homomorphism, then f(—r) = —f(r) for all » € R.

Solution 4. f(—r)+ f(r)=f(r—r)=f(0)=0 = —f(r) = f(—r).

Problem 5. Show that the rings Z[z] and Q[z] are not isomorphic.
Solution 5. Assuming an isomorphism ¢ : Z[z] — Q[z] exists, we note ¢(f(x)) = ( (2)) as, for all n € Z,

pn)=¢p(1+14+---+1)=noron)=¢(-1-1—-1---—1)=n. if deg ¢(x) =0, f ¢1i ()1fdegf>07
and, if deg ¢(x) > 0, non-integer, rational g ¢ im(¢).

Problem 6. Let R be a ring. Describe all homomorphisms f: Z x Z — R.

Solution 6. Note that Z x Z is generated by (0,1) and (1,0). It follows f is uniquely defined by where it
sends (0,1) and (1,0). Noting that

(25) 1= f((1,1))
(26) 0=7((0,0))

F(0,1) +(1,0)) = f((0,1)) + f((0,1))
f((0,1) x (1,0)) = £((0,1)) x f((0,1)),

we require f to send (0,1) and (1,0) such that the above equalities are satisfied.

Problem 7. Let R be a ring. Describe all the homomorphisms f : Z[z] — R. What about f :
Z|z1,...,z,] — R? Under what conditions are they injective? Surjective?

Solution 7. Noting that Vn € Z, f(n) = f(£x1+1+--- £ 1) = n, the homomorphisms f : Z[z] - R
are of the form f(g(z)) = ¢g(f(x)) where f(z) can be any element of R. For f : Z[xy,...,z,] — R,
flg(zr, 20, ... xn) = g(f(x1), f(x2),..., f(xn)) where f(z;) can be any element of R. For f to be injec-
tive, f(x;) must be transcendental over f(Z)[f(x1),..., f(xi—1), f(Xit1),.-., f(xzn)]. For f to be surjective,
S ={f(z1), f(z2),..., f(z,)} must generate R.

Problem 8. Find a ring homomorphism f : R — S and an ideal I of R such that f(I) is not an ideal of S.

Solution 8. Consider the inclusion map f :Z — Q. f((n)) for non-zero n isn’t an ideal.

Problem 9. An isomorphism from a ring to itself is called an automorphism. Describe all the automor-
phisms of the rings Z, Q, Z[z], and Z x Z.
Solution 9.

e Consider an isomorphism ¢ : Z — Z. As ¢(1) =1 and ¢(—1) = —1, ¢ is the identity map.
e Consider an isomorphism ¢ : Q — Q. Noting that ¢(z)¢ (2) = ¢(1) =1 = ¢ (2) =

fixes Z,
<p> _ o) _p
ol=) ===
q (@9 «
L.e. ¢ is the identity map.

e Let ¢ : Z[z] — Z[x] be an isomorphism. As ¢ fixes Z, ¢(g(x)) = g(¢(x)). Hence, ¢(z) uniquely
determines ¢. Noting that deg g(¢(z)) = deg g(x) x deg ¢(x), deg ¢(x) = 1 by the surjectivity of
¢. In particular, ¢(z) must be invertible as there exists f such that f(¢(z)) = z. Le. ¢(x) =z +b

and ¢

é(z)
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for b € Z. We note that all these maps are isomorphisms because

(Additive Homomorphism) o(f(x) x g(x)) = f(d(x)) x g(¢(x)) = o(f(x)) X ¢(g(x))
(Multiplicative Homomorphism) — ¢(f(z) + g(z)) = f(¢(x)) + g(¢(z)) = o(f(2)) + ¢(g(x))
(Multiplicative Identity is Fixed) d(1) =1o¢(x) =

(Injectivity) o(f(x)) = o(9(x)) = f(¢(z)) = g(o(x)) = [f(z) = g(x)
(Surjectivity) ¢(f(2)) = g(z) = f(z) = (900 ")(2)

o Let ¢ : Z xZ — Z x Z be an isomorphism. Note (0,1) and (1,0) generate Z x Z. It follows
¢ is uniqgely determined by where it sends (0,1) and (1,0). By Equations 25 and 26 of Prob-
lem 6, ¢((0,1)) = (a,b) = #((1,0)) = (1 —a,1 —b) and a(a—1) =0 = a = 0,1 and
bb—1)=0 b =0,1. Using the injectivity of ¢, ¢ is either the identity or ¢((0,1)) = (1,0)
and ¢((1,0)) = (0,1).

Problem 10. Show that Clz]/(p(z)), where p is a degree-n polynomial in C[z], is isomorphic to Cx - - - x C
(n times) if and only if p has no repeated roots. (You may assume the fundamental theorem of algebra.)

Solution 10. Let p(z) = (z — a1)(x — ag) -+ (x — a,). By the Chinese Remainder Theorem and Lemma
0.1.27,

Cla] , Cl]  Cll . Cl

p(z) (2—o1) (2—a2) (x —an)
2“Cx..-xC
————

n times

since (z — o) — (r — ;) = — oy € (v — ;) + (¢ — ;) is a unit.

Problem 11. Consider the ring Z[i], where i = v/—1. For an integer n, let (n) denote the ideal of Z[i]
consisting of all multiples of n in Z[i]. For each integer n, describe the structure of the quotient ring Z[i]/(n).
When is Z[i]/(n) an integral domain?

Solution 11. In the hope of classifying the prime ideals of Z[i] of the form (n) (n € Z), we restrict our
attention to prime n > 0. Suppose n | (a + bi)(c + di) = (ac — bd) + (ad + bc)i. Le.
(27) ac—bd =0 (mod n)
(28) ad+bc=0 (modn)
Suppose n{ (c+di). If n | ¢,

ad=bd=0 (modn) = a=b=0 (mod n),
and, similarly, if n | d,

ac=bc=0 (modn) = a=b=0 (mod n).
If ntec,d, b=acd™! (mod n). Substituting into Equation 28,

ad+ac*d™' =0 (modn) = a(d®*+c*) =0 (mod n).

Noting that d®> + ¢ =0 (mod n) = (dc™1)? = —1 (mod n), we use Lemma 0.1.21 to conclude n is prime
if n =3 (mod 4). For n =1 (mod 4), write n = a? + b*> = (a + bi)(a — bi) to note n isn’t prime.

Problem 12. For each prime p, explain how to construct a field with p? elements.
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Solution 12. Choose an irreducible quadratic f over F,,. For odd p, consider f(x) = 2? — a for non-quadratic
residue a, and, for p = 2, consider f(z) = 2? + x + 1. By Lemma 0.1.27, we note

Fla]

—— =2 .

o) 7

Problem 13. Let R[[z]] be the set of formal power series with coefficients in R, i.e. the set whose elements
are “infinite polynomials” > " a,z™ with a,, € R. Show that R[[z]] is a ring and describe all its ideals.

Solution 13. We define addition and multiplication in the normal sense:

Z anTn + Z bpx™ Z ap, + by)z"

n=0
Zanacn X anx" Z <Zal " Z) z".
n=0 n=0

n=0
Verifying the ring axioms, we note R[[z]] is a ring:
e The addition and multiplication of power series is both associative and commutative by the asso-
ciativity and commutativity of + and x in R.
e The additive identity is the 0 polynomial and the multiplicative identity is the 1 polynomial.
e The additive inverse of f(x) is —1 x f(x).
e Multiplication is distributive over addition:

- EZ: (;cz Qi + b Z)) "
Z .

=0

We begin by classifying the units of R[[m]] Consider f(x) = > ganx™. If ag # 0, f(x)g(x) has a zero
constant term. For a,, # 0, we inductively construct the inverse g(z) = > 7 b,z™ as

(29) bo = —

1
(30) b =—— 3 aobp_n.
With this, we proceed to show R[[z]] is a PID. In particular, for an ideal I, I = (z¥) where

oo

k= min{i eN| EIZanx” € I where a; # O}.
n=0

Note that 2% € I because there exists f(z) € I for which f(z) = apz*+ap 12"+ = 2% (a, + apsrz +--) =

a% = f(x) (ag + aggr2+---) "' € I. Since z* { p(z) € I contradicts the minimality of k, the desired result

follows.

Problem 14. Prove Proposition 1.6: A homomorphism f: R — S is an isomorphism if and only if there is
a homomorphism g : S — R such that go f: R— R and fog:S — S are the identity isomorphisms.

Solution 14. The homomorphism property of f plays no role in our proof. Considering f as a map, it suffices
to show f is bijective iff f has an inverse g. Assuming f is bijective, we construct g : R — S such that
g(x) =y if f(y) = z. g is well-defined since f is injective. Letting f(x) = y and g(x) = v/,
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(from the definition of g) (9o f)(@)=g(f(z)) =g(y) = g(z)
(contradiction) (fog)(@)=flgx)=fy)#z = glx)# Y

For the reverse direction, suppose f is invertible. I.e. there exists a map g such that go f and f o g are
identity maps. f is surjective because f(z) =k = x = g(k), and f is injective because

f@)=f(@') = g(f(2)) =g(f(z) = z=2.

Problem 15. Prove Proposition 3.1: Addition and multiplication of cosets is well-defined. That is, if
a+I=d+Tand b+ 1=V +1, then (a+b)+1I=(a'+b)+ I, and similarly (ab) + I = (a’V’) + I.

Solution 15. We note that o’ = a+i fori € I and b =¥ + j for j € I. Then, by closure under addition and
the absorption property,

(Addition Is Well-defined) (a+b)—(a+b)=(a—d)+(b-b)el
(Multiplication Is Well-defined) ab—ad'b' =ab— (a+14)(b+j) = —aj —ib—1ij € L.

Problem 16. Suppose that I; C I, C I3 C --- are ideals of a ring R. Show that (J,-, I,, is also an ideal
of R. Show that it is prime if all the I,,’s are prime. Show the analogous statements for descending chains
and intersections: if J; D Jy 2 J3 D --- are ideals of R, then ﬂfbozl Jp is an ideal of R, and it is prime if all
the J,,’s are.

Solution 16.

e Consider a,b € |J;2, I,, (i.e. Im such that a,b € I,,) and r € R. Asra € I,, and a+ b € I,
U, I, is an ideal. Assuming the I,,’s are prime, zy € |J;-, I, = 3m such that zy € I,,. By
the primality of I,,,, z € I,, = z €U, Iyory€l, = yel,_, I, Le. U, I, is prime.

e Similarly, consider a,b € ()7, J, (ie. a,b € J, for all n € N) and r € R. Noting that
a,be J, = a+be J,anda <€ J, = rac J, forall n € N, ﬂff:l(]n is an ideal.
Assuming the primality of the J,,’s, suppose ab € (o, J, with a ¢ ()—; J, and b & (', Jy.
Le. there exists J, and J, such that a ¢ J, and b ¢ J,. WLOG, suppose p > ¢ (if p = ¢, we
contradict the primaility of J,). Then, J, C J,, and, by the primality of J,, b € J, = b€ J,.
(contradiction!)

Problem 17. Prove the following other isomorphism theorems:

(a) If I and J are ideals of R, then (I +J)/J = I/(INJ).
(b) If I and J are ideals of R with I C J, then J/I is an ideal of R/I, and (R/I)/(J/I) =2 R/J.

Solution 17.

(a) Consider the homomorphism ¢ : I — (I 4+ J)/J where ¢(x) = x 4+ J. As the ideals of (I + J)/J
are of the form i+ j+J =i+ J fori € I and j € J, ¢ is surjective. Further noting ker(¢) = INJ,
the desired result follows from the First Isomorphism Theorem.

(b) As J is closed under addition, J/I is closed under addition. As J is an ideal, for a € R and
jeJ, (a+D)(j+1I)=aj+ 1€ J/I. Now, consider the homomorphism ¢ : R/I — R/J where
¢(x + 1) = 2+ J. Noting that ¢ is surjective and ¢p(x + I) = J < z € J (i.e. ker(¢) = J/I),
the desired result follows from the First Isomorphism Theorem.
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Problem 18. Let R be a ring and I an ideal of R. Find a bijection between ideals of R/I and ideals of R
containing I.

Solution 18. Call S the set of ideals of R containing I and S’ the set of ideals of R/I. Define f: S — S’ by
f(K) = K/I (note that K/I must be ideal of R/I from Problem 17 part (b)).
e Suppose K/I = K'/I. Then, for all ¥ € K’, there exists k € K such that k+ I =k'+] =
k' —kelICK. Hence, ¥ € K and K’ C K. By symmetry, K C K’ and K = K’. In other words,
f is injective.
e For an ideal J of R/I, construct J' = J,c,; 2. As T € J, I CJ', and J' is an ideal because, for
a,be J and r € R,

a+I,b+IeJ = a+b+IeJ = a+beJ
(r+I)(a+I)=ar+1€J = arcJ.
Since J = J'/I, f is surjective.

Problem 19. Let R and S be rings, and let I and J be ideals of R and S, respectively. From a homomor-
phism f : R — S, we obtain a homomorphism R — S/J by composing f with the projection map S — S/J.
Show that f gives us a ring homomorphism g : R/I — S/J if and only if f(I) C J. When this happens,
show that the following diagram commutes, meaning that either way of following arrows from R to S/J gives
the same answer:

R/I

S/J

Solution 19. Define g(z + I) = f(z) + I. For a,b € R,

(Additive Homomorphism) gla+b+1)=fla+b)+J=f(a)+J+ f(b) +J =g(a) + g(b)

(Multiplicative Homomorphism) glab+1I) = f(ab) +J = (f(a) + J)(f(b) + J) = g(a) x g(b)
g1+ =f)+J=1+J.

Foriel, g(I)=g(i+I)=f(i)+J=J = f(i) e J. Le. f(I) C f(J). If F(I) € J, Fi € I such that
fle+1I)=1i+J #J. So, f is potentially not well-defined and doesn’t fix 0. For r € R,

(goa)(r)=g(r+1I)=f(r)+1I=(Bef)r)

Problem 20. Let R and S be two rings. Describe the ideals of R x S in terms of the ideals of R and S and
determine which ones are prime and maximal. What are their quotients?

Solution 20. Let K be an ideal in R. We note K = I x J where I and J are

I ={ie R|3j € S such that (i,j) € K}

J ={j € S| 3i € R such that (i,j) € K}.
For r € R and 1,7 € I, our definitions guarantee there exists j, 7’ € R such that (i, j), (¢/,7’) € K. Then,
(Closure Under Addition) (i,))+ (@, j)y=>6(+i,j+j)eK = i+i el
(Absorption) r(i,j)=(ri,rj) e K = riel
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Applying a similar argument for J, we conclude I and J are ideals. Since I x J is an ideal of R x S when
I C R,J C S are ideals (applying a similar argument once again), we know the form of ideals in R x S.
Naturally, the prime ideals are p x q for prime p C R, q C S. For prime K C Rx S, write K =pxq. Ifab € p,
there exists ¢ € S such that (ab,¢) = (a,1)(b,c) € K = (a,1) € K or (b,c) € K. L.e. a € porb € p.
Applying a similar argument for g, the result follows. However, all ideals of the form p x g are not prime.
Let R=5=17Z,p=(2), and q = (3). Note (2,5)(5,3) € (2) x (3) but neither multiplicands lie in (2) x (3).
For maximal ideals, if m C R, n C S are maximal in R and .S, the maximal ideals are of the form R x n or
mxS. Wenoteif K =mxnwherem#Randn# S, K CmxS#RxS. Le. Kisnot maximal. For the
opposite direction, we consider m x S where m is maximal. f m x S C I x J, J = S, and the maximality of
m guarantees I = R. For the quotients, we note that (for ideals I C R, J C 5),

RxS RS
IxJ I J
Consider the homomorphism ¢ : R x .S — R/I x S/J where ¢((a,b)) = (a+I1,b+J). As ¢ is surjective and
ker(¢) = {(a,b) € R x S|a€ I and be J} =1 x J, the desired result follows from the First Isomorphism

Theorem.

Problem 21. An ideal I of R is called primary if, whenever a,b € R are such that ab € I, then either a € I
or b € I for some positive integer n.

(a) Describe all the primary ideals in Z and Riz].
(b) Show that an ideal I C R is primary if and only if, for every zero divisor a of the quotient ring
R/I, a™ = 0 for some positive integer n.

Solution 21.

(a) Using part (b), we note (m) C Z is primary if and only if for all a € Z/mZ with ged(a,m) # 1,
there exists n € N for which ® = 0 (mod m). If m = p* for prime p, a* = 0 (mod m). If m
is divisible by two primes p,q, p” # 0 (mod m) for all n € N. To conclude, (m) is primary iff
m = pk for prime p and integer k. Similarly, for R[z], (f) C R[z] is primary iff f(z) = (g9(z))*
for irreducible g. Suppose f(z) = (g(z))*. Consider ab € (f). Then, a* or b* € (f). Conversely,
suppose g, h | f where g, h are irreducible. Then, there exists g(x) (g(z),q(x), h(x) are relatively
prime) such that (g(z))*(h(z))’q(z) € (f) but (g(z)*)*, ((h(:r))bq(ac))l~C ¢ (f) for all k e N.

(b) For zero divisors a+I,b+1 € R/I, (b+1I)(a+I)=ba+1=1 = bacl. Asb¢ I, we conclude
that, if I is primary, there exists n such that ™ € I = (a+ I)™ = I. For the other direction,
we note that if ab € T where a,b ¢ I, then a,b are zero divisors in R/I. Hence, there exists n such
that (a+1)"=1 = a" € I.

Problem 22. Show that if R is a noetherian ring and I C R is an ideal, then R/I is also noetherian.

Solution 22. By Problem 18, the ideals of R/I are of the form K/I where K C R is an ideal containing I.
Call S the set of generators of K (note S has finite cardinality). By Problem 17 of the previous chapter,
it suffices to note K/I is generated by

{k+1e€K/IlkeS}.



CHAPTER 3.3

Affine Varieties

Problem 1. Write V(y —2?) NV (y — 22 — 2 + 1) in the form V(I) for some ideal I of C[z,y]. What is I?
Interpret this geometrically.

Solution 1. V(y—2 )NV (y—2?—x+1) =V ((y—2?)+(y—22—2+1)) = V((y — 22,1 —z)). Geometrically,
this this is the intersection of parabolas y = 22 and y = 22 + 2 — 1.

Problem 2. Is every finite subset of AZ an algebraic set? Is every finite subset of Ag an algebraic set? Is
every finite subset of A{ the vanishing set of a set of polynomials in Rlz1,...,z,]?

Solution 2. We prove that every finite subset of A} is algebraic. Consider the set {p1,...,pm}, where
pi = (@i1,...,0;p). Defining I; = (z1 —a;1) + -+ - + (2n, — a;,n), We note

m

1=T[t = vy = UV = torr. o pm).

i=1 i=1

For the next part, we consider Al and the finite set {i}. Since p(i) = 0 and p(z) € R[z] implies p(—i) = 0
(by the Complex Conjugate Root Theorem), we note {i} isn’t algebraic.
Problem 3. Show that any line in Ag is an algebraic set.

Solution 3. Note that a line in Ap refers to the solution of a system of equations of the form

01,171 + G12%2 + -+ + @10 Tp = dy

(n—-1,1T1 + Ap—1,222 + -+ An—1,nTn = dn

for a; ; € R. Le. a line must be

V((al,ll’l +a102 4+ 1Ty —di) X X (Qp_1,1%1 F Gno12T2 + 0 F Qe 10Ty — dn))

Problem 4. Show that {z:|z| < 1} C Al is not an algebraic set.

Solution 4. We hope so show any infinite S C A}, isn’t algebraic. Assuming the contrary, there exists I C k[x]
with V(I) = S. Then, for f € I, f(z) =0 for all x € S. As all non-zero f € k[z] have finitely many roots,
I={0} = V(0)=A} =S5. (contradiction!)

Problem 5. Show that {z : 2 > 0} C A} is not an algebraic set.

Solution 5. See Problem 4.

87
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Problem 6. Show that if V is any infinite subset of the parabola V(y — 2?) C R, then I(V) = (y — 2?).
Moreover, show that for any finite subset W C V(y — 22), I(W) 2 (y — 22).

Solution 6. As V. C (y —2?), I(V) D I(y — 2%) = (y — 2?). For f € I(V), we write f(z,y) =
q(z,y)(y — 2%) + r(z). As f(z,y) = 0 for all (x,y) € V, we note r is identically 0 as there exists infin-
itely many x for which r(x) = 0. If V is finite, call the distinct a-coordinates in V' {a1,...,a,}. Then,
r(x)=(x—a1) (v —a,) € I(V)and I(V) # (y — 2?).

Problem 7. Show that the parabola y = 22 and the line y = 0 have isomorphic coordinate rings.

Solution 7. Let k be a field of infinite cardinality. Begin by noting (y) C I(V(y)). For f € I(V(y)), write
f(z) = q(z)y + r(z), and note r is identically 0 since V(y) is infinite. T.e. I(V(y)) = (y). Now, we hope to
show

kfz, y] kfx, y]

klz] = .

R R )
Consider maps « : k[z,y] — k[z] and B : k[z,y] — k[z] where o(f(z,y)) = f(z,2?) and B(f(x,y)) = f(z,0).
Noting that ker(a) = (y —2?), ker(8) = (y), and a(f(x)) = B(f(x)) = f(z), the result follows from the First
Isomorphism Theorem.

1%

Problem 8. Find all maximal ideals in Q[x,y] containing 2% + y* — 25 and
a) y b) y—3 c) y—5 d) y—2 e) y—7

Solution 8.

a) (z—>5,y) and (z +5,y)
b) (x —4,y—3) and (z + 4,y — 3)
C (xay74)
d) (22 —21,2)
(

)
)
)
) (2% +y* =25,y —17)

e

Problem 9. Prove Proposition 2.2: If V' C A7 is any set of points, then I(V') is an ideal of k[z1,. .., z,].

Solution 9. For all f,g € I(V) and h € klz1,...,z,],

(Closure Under Addition) fp)+g(z,....2n) =0 = f(p)+g(z1,...,2,) € I(V)
(Absorption) h(p)f(p) = h(p) x0=0 = h(p)f(p) € I(V)

for all points p € V.

Problem 10. Prove Proposition 2.6: Let V and W be algebraic sets.

(1) (VUW)=1(V)nI(W)
(2) I(VnW)=1(V)+ I(W)

Solution 10.

(1) Consider f € I(VUW). As f vanishes over both V and W, f € I(V) N I(W). Consider g €
I(V)NnI(W). As g vanishes over V and W, g vanishes over their union. Le. g € I(VUW).
(2) We provide a counterexample. Consider V = V(2? + y?) and W = V(X2 — ?).

I(VAW) =I({(0,0)}) = (z,y) # I(V) + I(W) = (2° + ¢*) + (2 = y°) C (%, ")
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since z,y ¢ (22, y?).

Problem 11. Prove Theorem 2.4: If X C A", then X C V(I(X)). If S C k[z1,...,x,], then S C I(V(S)).

Solution 11. By definition, f € I(X) = Vz € X, f(z) = 0. Hence, x € V(I(X)). Once again, by
definition, p € V(S) = g(p) = 0Vg € S. Hence, g € I(V(S)).

Problem 12. Show that (zy—1) C R[z,y] is a prime ideal. Show that (zy—1) C Cl[z, y] is also a prime ideal.

Solution 12. Consider the map ¢ : R[z,y] = R [a:, %] We note ¢ is a surjective homomorphism:
C 1
(Surjectivity) lafan) =1 (2.3) = dlo) = a0
e . 1
(Multipticaive Homomorphism) — (g(z.1)f(2.9)) =9 (.7 ) 1 (.3 ) = sta(e1)o(a.)

(Additive Homomorphism) o(g(z,y) + flz,y) =9 <x7 i) +f (w, i) = o(g(z, ) + o(f(2,9))
¢(1) =1
As f(z,y) can be written as
f(x,y) = a(z,y)(zy — 1) + (@),
f(z,1) =0 = r(z) = 0. We conclude ker(¢) = (zy — 1) and Rlz,y]/(zy — 1) = R [z, 1] by the First
1

Isomorphism Theorem. Noting R [x, %] C R(z), we conclude R [x, ;] is an integral domain (and (zy — 1) is
prime) from Problem 3 of chapter one. Replacing the R’s with C’s, the second result follows.

Problem 13.

(a) We showed that V(IJ) = V(I) UV (J). Show that V(INJ) = V(I)UV(J) as well. Find an
example of ideals in k[x1,...,x,] such that IJ # I NJ, and conclude that different ideals can have
the same vanishing sets.

(b) When do two ideals I, J C C[z1,...,x,] have the same vanishing sets?

(¢) Suppose that I, J C Clzy, ..., xz,] have the same vanishing sets. Show that V(I+J) =V (I) = V(J).

Conclude that, for an algebraic set V', there is a largest possible ideal I so that V =V (I).

Solution 13.

(a) Let pe V(I)UV(J). WLOG,Vfel, f(p)=0. AsINJ CI,peV(INJ). Conversely, suppose
p ¢ V(I)UV(J). Then, 3f € I and g € J such that f(p),g(p) # 0. Then, fg € I'NJ and
f(p)g(p) # 0. Le. p¢ V(INJ). Let our polynomial ring be R[z], and let I = (z) and J = (22).
IJ=(23)and INJ = (z).

(b) By the Nullstellensatz, vT = v/J.

(¢) AsICI+J,V(I+J)CV(I). Then,let pec V(I) (and, hence, p € V(J)). For f € I and g € J,
(f+9) ) = flp)+9p) =0 = pe V(I +J). As Clxy,...,x,] is noetherian, there exists a
largest’ ideal I such that V(I) = V: Le. an ideal I such that if I C I’ and V(I') = V(I) =V,
then I = I’. In the hope of proving the uniqueness of I, suppose an ideal .J is also a ’largest’ ideal
of V. Then, V(I) = V(J) =V = V(I +J)=V = [=1+J=.

Problem 14. The twisted cubic is the set {(t,t*,3) : t € C} in A3.
(a) Show that the twisted cubic is an algebraic set, by writing it as V' (I) for some ideal I of C[z,y, z].
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Show that the twisted cubic is isomorphic to Al.

Solution 14.

(a)
(b)

I=y?*—xz2°—1).
Consider the morphisms

e ¢:V(I)— Al where ¢((t,1%,13)) = t.

e ¢y : Al — V(I), where 9(t) = (¢,t2,¢3).
(¢o)(t) =t and (¢ 0 §)(t,1°,1°) = (t,¢%,£°).

Problem 15. Let X = V(2% — yz,22 — ) C A. Write X as the union of several irreducible components.

Solution 15.

Problem 16. Let R be a ring. We say that an element r € R is nilpotent if there is some positive integer
n such that r™ = 0. We say that R is a reduced ring if the only nilpotent element of R is 0.

(a)

(b)
()
(d)

Show that the set of nilpotent elements of a ring R forms an ideal of R. We call this ideal the
nilradical of R, and we denote it by 91(R).

Show that 91(R) is the intersection of all the prime ideals of R.

Show that if R is the coordinate ring of some algebraic set, then R is a reduced ring, i.e. 91(R) = (0).
Find a ring R with M(R) # (0).

Solution 16.

(a)
(b)

(¢)
(d)

Let v, € M(R) (r™ = r™ = 0) and a € R. Then, (ar)"” = a™ x 0 = 0, and, by the Binomial
Theorem, (r + r')™ ™ = 0.

Suppose r is nilpotent and I is prime. By induction, we hope to show ™ € I — r e I. ifn =1,
the result is apparent. Forn > 1, 7" € I = ! cTorr € I. If r € I, we're done, and if
r"»~1 € I, then, by the inductive hypothesis, we’'re done. Now, consider a non-nilpotent element
a and the largest ideal m not containing a™ for all positive integer n. Note that we can choose
such m by use of Zorn’s Lemma. Striving for a contradiction, suppose m isn’t prime. Then, there
exists zy € m where z,y ¢ m. Noting (z) + m and (y) + m contain m, there exists p, ¢ such that
al € (a)+m and a? € (b) +p. Then, a?™? € (ab) + m = m (contradiction!) Hence, m is prime ideal,
with a ¢ m.

Consider non-zero f € R=0O(V). As f #0, 3p € V such that f(p) # 0. Assuming f is nilpotent,
dn € N such that (f(p))™ = 0, contradicting that k[z1,...,x,] is an integral domain.

Let R = Z/AZ. Note 22 =0 (mod 4).

Problem 17. We say that an algebraic set X is connected if whenever we write X =Y U Z as a union of
two algebraic sets which are disjoint, i.e. Y N Z = @&, then either Y or Z is equal to X.

(a)
(b)

Let R bearing. We say that an element e € R is an idempotent if e = e. Find all the idempotent
elements in the ring C[z]/(2? — ).

Show that a ring R has idempotent elements other than 0 and 1 if and only if R is isomorphic to
a direct product R; x Ry of nontrivial rings.
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Show that an algebraic set X is connected if and only if its coordinate ring O(X) has no idempotent
elements other than 0 and 1.

Solution 17.

(a)

(b)

Begin by noting that
Cla]

(2% —z)
from Problem 10 of the previous chapter. Then, note the zero divisors of C x C are of the form
(0,a) and (b,0) for a,b € C. Ase?—e=0 = e(e—1) =0, we note e € {(1,1), (0,0), (1,0), (0, 1)}.
In our coordinate ring, these correspond to {1,0,z,1 — z}.
Consider the non-trivial idempotent elements e, (1 —e) € R. Let R; = (e¢) and Ry = (1 —e). e
and 1 — e are the respective identities of Ry and Ry. Along with the properties Ry, Ry inherit from
being ideals, we may conclude R; and Rs are rings. Define the map f : R — R; X Rs such that

~2CxC

f(r) = (re,r(1 —e)). Consider r1,r2,k € R.

(Additive Homomorphism) f(r1+r2) = (rie,ri(1 —e)) + (r2e,r2(1 —e)) = f(r1) + f(r2
(Multiplicative Homomorphism) f(r1 x 7)) = (re,m1(1 —e)) x (ree,ro(1 —e€)) = f(r1) x f(r2)
f) =(e,(1—e))

ker(f) = 0 since ke = 0 and k(1 —e) = 0 implies k — ke = k = 0. im(f) = R; x Ry since
flze+y(1 —e)) = (ze,y(1 —e)). For the opposite direction, note (0,1) € Ry x Ry is idempotent

and not the additive or multiplicative identity

(c) By the Nullstellensatz, I(Y N Z) = JIY )+ I(Z) = Clz1,...,2z,). As1l e JIY)+I1(Z),1¢€

IV)+I1(2) = I(Y) +I1(Z) = (C[xl, cey Ty Now we apply the Chinese Remamder Theorem
to note
7C[x1,...,xn]E(C[:cl,...,:rn] Cley,...,xn]
X =Ttz - 1w < 1@ )Xol

It follows that if X is disconnected, O(X) has non-trivial idempotent elements by part (b).
Now, suppose there exists a non-trivial idemptotent element f € O(X). Note that Vp € X,
(f(p)? = f(p) = f(p) € {0,1}. Then, define Y = X NV (f) and Z = X NV (f — 1) to note X

is disconnected.

Problem 18. We saw that the union of two (and hence any finite number of) algebraic sets in A} is
algebraic. Give an example to show that the union of infinitely many algebraic sets need not be algebraic.

On the other hand, show that an intersection of infinitely many algebraic sets is always algebraic.

Solution 18. Consider the non-algebraic set

V= {2} CAL
zeC
|z|<1

See Problem 4 for a proof. Now, suppose the set S consists of infinitely many algebraic subsets of A} and

S’ consists of their corresponding ideals. We hope to show

mvv<UJ>.

Ves Jes’

Suppose p € V (U eq /). Then, for all f € U e J, f(p) =0. Le. p € V(J) for all J € S and, hence,
P € (yegV. Suppose p ¢ V (UJES/ J). Then, there exists J € S’ and f € J such that f(p) # 0. As

mVES V g V(J)’ D ¢ nVeS V
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Hilbert’s Nullstellensatz
Problem 1. For a field k, not necessarily algebraically closed, and positive integers m and n, let
I = (z™,y") be an ideal of k[z,y]. Show that /I = (x,y).
Solution 1. Consider f(x,y)x + g(x,y)y € (x,y). By the Binomial Theorem,

(f(z,y)z +g(z,y)y)™ ™ € I = f(z,y)z+g(z,y)y € VI.

Suppose h(z,y) ¢ I. Then, the constant term (the coefficient of 2%¢y°) of h is non-zero. Then, (h(z))" ¢
Ivn € N.

Problem 2. Let f, g € k[z,y] be distinct non-constant polynomials. Is it necessarily true that /(f2,¢3) =
(f,9)? Prove or give a counterexample.

Solution 2. By Problem 1, set f = 22 and ¢ = y? to obtain a counterexample.

Problem 3. Show that if R is any ring and I C R is an ideal, then v/T is a radical ideal.

Solution 3. We begin by showing /T is an ideal. Suppose a,b € VI = 3m,n, a",b™ € I and r € R.

o (ra)" =r"a” € 1.
e (a+0b)"™™ € I by the Binomial Theorem.

Problem 4. For which rings R is (0) a radical ideal? For which positive integers n is (0) a radical ideal of
Z/nZ?

Solution 4. (0) is a radical ideal in R when R is reduced. IL.e. it has no nilpotent elements. Z/nZ is reduced
when n is square free.

Problem 5. Let [ = (22 + 4% — 1,y — 1) C Clx,y]. Find, with proof, an element of I(V (I))\ I.

Solution 5. Consider h(z,y) = © +y — 1. As h vanishes over V(I) = {(0,1)}, h € I(V(I)). Suppose
h(z) = f(z)(z2 +y?> —1)+g(x)(y—1). Asdeg h < deg f in (C[z]) [y], f(x) = 0. Then, sincey—1{z+y—1,
the result follows.

Problem 6. Let p,q € C[z,y]. Show that V(p) = V(q) if and only if p | ¢"n for some n and ¢ | p™ for some
m. Show that this is false over a non-algebraically closed field.

Solution 6. By the Nullstellensatz,

Vip) =V(e) = V() =1(V(p) =1(V() = V(a)-

92
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The desired result follows.

Problem 7. Let X =V (22 +y?> — 1,22+ 23 +y> — 1) CA  and Y = V(22 +¢y> —1) CAL. Let f: X —» Y
be defined by f(a,b,c) = (a,b). Describe explicitly the induced map ¢ : O(Y) — O(X).

Solution 7. ¢(g) = go f(a,b,c) = g(a,b).

Problem 8. Let ¢ : k[z,y, 2]/(xy — 1,2 — 2% + 4?) — k[t] be defined by ¢(z) = 1, é(y) = 1, and ¢(z) = 0.
Describe the induced map from Al to (zy — 1,z — 2% + y?) C A}.

Solution 8. Call the map . Then, ¢(t) = (¢p(x)(t), p(y)(t), p(2)(t)) = (1,1,0).

Problem 9. If R is any ring and I any ideal, show that v/T is the intersection of the prime ideals containing
1.

Solution 9. Suppose p € V/I. Then, p™ € I, and, for p D I, p™ € p = p € p by induction. Now, suppose
q ¢ V1. Call S the set of ideals .J contain I such that ¢ ¢ v/.J. With a partial order of inclusion, we apply
Zorn’s Lemma to choose a maximal element q € S. It suffices to show q is prime. Suppose a,b ¢ q. As
(a)+q,(b)+q¢ S, ¢" =ka+cand ¢" =k'b+ ¢ for ¢,d € q, k, k' € R, and m,n € N. Then,

2™t = kk'ab + kac' + k'be + cc’ € (ab) + q.
We conclude (ab) + q#q = ab ¢ q.

Problem 10. Show that if 7 C C[zy,...,x,] is an ideal, then VT is the intersection of the maximal ideals
containing /.

Solution 10. Call S the set of maximal ideals containing I. Then, it suffices to show

v(ﬂ m) = vim =v().

mesS meS
Indeed, by the Nullstellensatz, Npeg™ = I (Upes V(M) = I(V(I)) = VI. As maximal ideals are prime,
Problem 9 provides us the first inclusion for free: (J,,cg V(m) C V(I). Consider the point p = (ay,...,an)

and its associated maximal ideal n = (z1 — a1, @2 — ag,..., Ty, — a,). V(n) ={p} CV(I) = n>VID I
Then, n € S, and the desired result follows.

Problem 11. Show that /(22 — 2zy* + y5,y3 —y) C C[x,y] is the intersection of three maximal ideals.
What are they? Can you somehow “see” that (z? — 2xy* + 3,43 — y) is not a radical ideal?
Solution 11.
= V(‘T2 - 2£Ey4 + y67y3 - y) = {(070)7 (la 1)7 (L _1)} = V(($, y) N (13 - 1ay - 1) N (JC - 17y + 1))
= V(@ = 2zyt + 07 —y) = (my)N(@ - Ly-1)N(z—Ly+1)

We note x(z — 1)(y — 1) € VI but z(x — 1)(y — 1) ¢ I by comparing degrees in (C[z]) [].

Problem 12. Show that the semialgebraic sets in Aj are finite unions of points and closed intervals
(bounded or unbounded).
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Solution 12. Consider the semialgebraic set S = {p € Ak| 91(p), 92(p), ..., gm) > 0}. Then,
S=851N8SN--NSp,

where S; = {p € AL| gi(p) > 0}. Since g; has finitely many roots, S; is the finite union of closed sets or
points. Since N is distributive over U, our result follows from Lemma 0.1.29.

Problem 13. Use the Chevalley- Warning Theorem to show that a quadratic form in n > 3 variables has
a nontrivial zero (i.e. other than (0,0,...,0)) in Ay . Find a quadratic form in two variables that does not

have a nontrivial zero in A%p.

Solution 13. Consider the quadratic form f. As f(0,0,...,0) = 0and n > deg f = 2, the Chevalley- Warning
Theorem guarantees f has a non-trivial root. Suppose p is an odd prime congruent to 3 modulo 4. Then,
22 + 32 has no non-trivial roots in A%p.

Problem 14. Let M(xz,y) = z*y? + 22y* + 1 — 322y be Motzkin’s polynomial.

a) Show that M (x,y) is a nonnegative polynomial on AZ.
b) Show that M (z,y) cannot be written as a sum of squares of polynomials.

Solution 14.

a) As M(z,y) = M(—=x,y) = M(x,—y) = M(—x,—y), we suppose x,y > 0. By the AM-GM Inequal-
1y,

4,2 | 22
1
VLIV S R =t = M) 20,
b) Suppose M can be written as the sum of squares. Le. M(z,y) = (ax® + bx?y + cxy? + dy® + ex® +
fxy+gy2+hx+iy+j)2+(a’x3+b’x2y+c’xy2+d’y3+e’a?2+f’scy+g’y2+h’x+i’y+j’)2. By
expanding, a=d=e=g=h=i=ad =d =¢ =g =h’ =4 = 0. Then, we note the coefficient
of 22y? is f2 + (f")? > —3. (contradiction!)

Problem 15. Show that if f(x) € R[z] is a polynomial in a single variable which is positive on all of R,
then f can be written as a sum of squares of polynomials.

Solution 15. As f is positive, f is the product of irreducible quadratics in R[z]. By Lemma 0.1.28, it suffices
to show irreducible quadratics are the sum of squares. Consider axz? 4 bz + ¢, where b> — 4ac < 0 and a > 0.

Then,
2
b\° b? b\ b2
ar’ +br+c=alr+—) +c——=(Vvalz+ — + c—— | .
2a 4a 2a 4a

Problem 16. Generalize the Erdds-Ginzburg-Ziv Theorem to the case where n is composite.

Solution 16. It suffices to show that if the Erdds-Ginzburg-Ziv Theorem holds for p, g, then it holds for pq.
By induction, the result then follows for all composite n. Consider an arbitrary set S of 2pg — 1 elements
in Z. As the Erdds-Ginzburg-Ziv Theorem holds for p, choose p elements a1,1,a2,1,...,ap,1 € S who’s sum
is divisible by p. Eliminating these elements from S and repeating the same procedure 2q — 1 times, we
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construct 2¢ — 1 sums:

ajl1tazi+---+ap1 =a1

aiet+age+ -+ ap2 = as

A1,2g—1 +A22¢—1+ -+ Ap2g-1 = A2¢g—1

As the Erdds-Ginzburg-Ziv Theorem holds for g, choose ¢ elements aj,,aj,,...,a;, € {ai,az...,a24-1}.
Then, we note
q q p
D= D dsi,
i=1 i=1 s=1

is divisible by pq to obtain the desired result.

Problem 17. Suppose that m hyperplanes in R™ contain all but one of the vertices of an n-dimensional
hypercube with vertices {0,1}"™. Show that m > n.

Solution 17. Suppose m < n and consider the m hyperplanes fi, fa, ..., fm. Call (a1,...,a,) the vertex not
contained in J]~, V(f;) and let a; = 1 — a;. Then, define

F=1lr+s]@ -,
i=1 j=1

where 4 is chosen such that f(aq,...,a,) = 0. Note 6 must be non-zero. Then, deg f = n and lead f =
d0x1T2 - - - x,. Then, we contradict the Combinatorial Nullstellensatz as f must be non-zero somewhere in

{0,1)".

Problem 18. Let n be a positive integer. Consider

S={(z,y,2)| z,y,2€ {0,1,...,n},x +y+ 2z > 0}.
as a set of (n+1)3 — 1 points in three-dimensional space. Determine the smallest possible number of planes,
the union of which contains S but does not include (0,0, 0). (IMO 2007)

Solution 18. We consider the two dimension analogue of this question to obtain some intuition.

FIGURE 1. Points in R? (n = 2)

In particular, what is the smallest number of lines who’s union passes through S = {(z,y)| z,y € {0,1,...,n}, a2+
y > 0}7 Intuitively, we can see that if a line passes through a point on either axis and a point in the triangle,
it doesn’t pass through any point on the other axis, and, similarly, if a line were to pass through two of the
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axes, it couldn’t pass through the triangle if none of the lines passed through (0,0). Then, we’d need a min-
imum of 2n lines. 2n is also the best bound since we could simply consider the linesx =1,z =2,...,x =n
and y = 1,y = 2,...,y = n. Coming back to the three dimensional case, we hope to show we need a
minimum of 3n planes. Suppose the result was false. L.e. there exists planes f1, fo,..., fi, with m < 3n that
satisfy the constraints of the problem. Then, define

f= (Hﬂ) +lox I TJu-9].
i=1 je{z,y,z}i=1
where 0 is chosen such that f(0,0,...,0) = 0. Note ¢ is non-zero. Then, deg f = 3n and lead f =
0x"y"z". Then, we contradict the Combinatorial Nullstellensatz as f must be non-zero somewhere in
{0,...,n} x{0,...,n} x{0,...,n} = S.
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Localization

Problem 1. Describe the ideals of the rings C[z](,) and Clx] [ﬁ}

Solution 1. The ideals of C[z](, are those of the form (2™) for n € N. The ideals of Clz] [ﬁ} are those

of the form (f(x)) where f is not a power of (x 4+ 1) or . Two ideals (f), (g) are the same when f and ¢
differ by a factor of ' (x + 1) for i, j € Z.

Problem 2. Find a local ring whose ideals do not form a chain.

Solution 2. Consider the local ring C|z,y](y,,) and the ideals () and (y). We note (z) Z (y) since

% = m — zg(z,y) =yf(z,y) = vy |g(z,y) (contradiction!)

Applying a similar argument to show (y) € (), the result follows.

Problem 3. Describe all the ideals and units of the following rings:

a) Z [g5]
L)
¢) Clz,y]x)
Solution 3.
a) The units of Z [61—0] are %, where d is the product of powers of divisors of 60 and n € N. Then,

the ideals of Z [45] are of the form (a) for a € Z. Note (a) = (b) iff @ and b differ by units.

b) The units of Zsy are of the form ¢ where 3 { a. The ideals are then precisely of the form (3") for
n € N.

c¢) The units of C[z,y](x) are of the form §, where = { a. Similarly, the ideals are of the form (2™) for
n € N.

Problem 4. Show that if R is a Principle Ideal Domain, then any localization of R is also a Principle Ideal
Domain.

Solution 4. Consider an ideal I of S~'R. Since

feI — x€l,
Y

it follows that the principle ideal I N R of R generates I. It follows that I is principle.

Problem 5. Describe the coordinate ring of Al \ {0}. What about A\ {a,...,a,}, where a1, ...,a, are
distinct points in A?

97
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Solution 5.
1

O(A" \{a1,...,an}) =C |z, (x—a1)- (z—an)

Problem 6. Prove Proposition 2.3: Let ¢ : R — S™!'R be the localization homomorphism.

e ker(¢) = {r € R| sr =0 for some s € S}.
e ST'!R={0} if and only if 0 € S.

Solution 6. The first follows from noting

0
E/:I<:>E|S€S,S(T'1—S/~O)=S’/‘=O.
s
For the second, 0 € § = 0x (r-1-s-0) =0 <= £ = 2 For the reverse direction, we note
1=9 < 35€8,5(1:1-0-1)=0 = 5=0.

Problem 7. Complete the proof of Proposition 2.4: Let R be a ring and S a multiplicative subset. Then,
there is a bijection between the set of prime ideals of S™'R and the set of prime ideals of R which do not
intersect S.

Solution 7. We define our map from the set of prime ideals of S~'R to those of R that do not intersect S
via the localization homomorphism ¢. Le. B — ¢~ 1(B8) = B°. We define our inverse map such that prime
p is sent to it’s localization under S. Le. p — S~ !p = p°.

(1) As ¢ is a homomorphism, B¢ is prime.
(2) Suppose s € BN S. Then, we contradict the primality of B as B has a unit.
(3) Suppose i% € p¢. Then, ab € p. WLOG, a € p, and, hence, & € p°.
(4)

81 S ? 81
4

We note

(P) =9 1(S'p) = {r € R‘ g € qu} .
As] =1L <= rss’' =ps'fors,s’ € S,pcp, wenoter € psince p is prime and intersects S trivially.
The other inclusion follows for free. In other works, (p¢)° = p. Then, note (B¢) = S~1¢~1(B).
Since

ge% — %e% — rec¢ (D),

our desired inclusions follow. Le. (B¢) = B.

Problem 8. Prove Proposition 5.2: Let V be a variety, and let p € V' . The stalk O,(V) at p is a local
ring. Its (unique) maximal ideal is m, = {f € O,(V)| f(p) = 0}.

Solution 8. We define our ring such that (f, X)+(¢,Y) = (f+¢,XNY) and (f,X) x (9,Y) = (fg, X NY).
Naturally, the additive identity is (0, X), and the multiplicative identity is (1, X). The ring axioms follow
easily from the properties of k(V'). Now, it suffices to show the units are precisely the equivalence classes
where f(p) # 0. If f(p) = 0, it’s apparent f is a non-unit. Assuming f(p) is non-zero, we can choose an

open set U for which f doesn’t vanish. Then, (f,U) x (%, U) = (1,0).



CHAPTER 3.6

Singular Points and Integrality

Problem 1. Determine whether the following are integral elements over the given rings:

over Z(5)
over C[z]

Va3 + 7z 4 4 over C[z]

HT V=T over 7

R |0l B

(g) 1+2£ over Z

Solution 1. For the integral elements, we simply provide their associated polynomials.

(a) x—4

(b) 3z — 1 is the minimal polynomial of § over
Z. By Problem 2, we conclude % is non-
integral over Z.

(g) 222 — 2z + 3 is the minimal polynomial of
Hzﬂ By Problem 2 (or, alternatively,
Problem 3), we conclude % is non-integral
over Z.

(c) v~ 3
(d) 1 is non-integral over C[z] by Lemmas
0.1.24 and 0.1.31.

e) t2 — a3 —Tox —4

Problem 2. Show that if m(z) € Q[z]\ Z[x] is a monic polynomial and g(x) € Q[x] is a monic polynomial,
then m(z)g(x) ¢ Zx].

Solution 2. Let
m(z) = 2" + ap_12" 4+ +ag

and ¢ = max{i € N| a; € Q\ Z}. Suppose deg ¢ = m. Begin by choosing o € Z such that g/(z) = ag(z) €
Z[z]. Then, the coefficient of the z**™ in m(z)g/(x) is not in Z and, hence, m(x)g(z) ¢ Z[x].

Problem 3. Let d be a squarefree integer. Compute the integral closure of Z in Q(\/&)

Solution 8. Call the S the integral closure. Consider a + bv/d, with a,b € Q and b % 0. Then, our minimal
polynomial f over Q is

f(z) = (x —a)® — b*d = 2* — 2az + o® — b*d.
By Problem 2, our problems reduces to determining a, b € Q for which 2a, a®> —b?d € Z. We note Z[\/&] cSs.

In some cases, the reverse inclusion holds but, as we’ll soon see, this isn’t true in general. Since, —2a € Z,
a= 5 forn € Z. If nis even, a € Z and, hence, b € Z since d is squarefree. Suppose n is odd. Then,

2
aQ—de:%—bZdeZ — EloddmeZ,b:%.
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This implication follows from noting b>d has a denominator of 4 and d is squarefree. Then,

1 1
a+bVd = +\f 5 +m2 V.

Since the integral closure is always a ring, our problem reduces to determining if % is integral over Z. In
this case, f(x) = 422 — 4x + 1 — d. We then conclude

ZIVd  d=23 (mod4)
SZ{Z[1+\/E} d=1 (mod4)

Problem 4. Let i and j be relatively prime positive integers. Compute the integral closure of the ring
Clz,y]/(x* — y7). What happens if ged(i, j) > 1?

Solution 4. Note by Lemma 0.1.32, O(X) = Clz, y]/(z* — y7), where X = V(' ' — y7). Equivalently, we
compute X and note ][04 ) is our desired integral closure. We hope to show X = Al. Consider the maps

(31) ¢ : A’ — X such that ¢(t) = (t7,t%)
(32) ¥ X — A! such that ¢(z,y) = 2Py,

where a, b are chosen such that ai 4+ bj = 1. Since ¢ and v are inverses everywhere expect the points corre-
sponding to (0,0), the result follows.

Problem 5. For each of the following curves and points in A2, determine whether the curve is smooth or
singular at the point. Sketch the curves to verify that the definition of smoothness is capturing the desired
geometric property. For the ones that are singular, describe the type of singularity at the point.

(1) V(y —=® ) at (2,4)

(2) V(y* —= ) at (0,0)

(3) V(2® +y> — 3zy) at (0,0)

(4) V((y2 - x )(m — 1)(2x —3) —4(2® +y? —22)?) at (1,1)
(5) V(a* +2° y +yt —x(a® + yg)) at (0,0)

(6) V((z* +y*)* = 32> —y°) at (0,0)

(7) V((z? +y?)? — 322 — y?) at (0,1)

Solution 5. We check if f(z,y) has a singularity at (a,b) by seeing if f(z + a,y + b) has a non-zero linear
term.
(1) Since y +4 — (z +2)? = y — 2% — 4z, our curve is smooth at (2,4)
(2) Since y? — 2° has no linear term, note that it’s singular at (0,0). In particular, the singularity is a
spinode.
(3) Once again, since 2+ y3 — 3zy has no linear term, we note that it’s singular at (0,0). In particular,

the singularity is an crunode.
(4) Since

=((y+1)?—(z+1D)D@E+1-D)2x+1)=3) —4((z+ 1)>+ (y + 1)> — 2(z + 1))?
—A((x+ 12+ (y+1)* = 2(x + 1))?
= —4z* — 1622y — 16y% — 822y? — 16y° — 4y*,

our curve has a singularity at (1, 1), specifically a spinode.

(5) Since z* + 22y? + y* — z(2% + y?) has no linear term, we note that it’s singular at (0,0) and has a
cusp there.

(6) Since (22 + y?)? — 322 — »? has no linear term, we conclude that it’s singular at (0,0) and has an
acnode there.
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(7) Since
=@+ (y+1)2)? - 322 — (y +1)?
=zt + 22%y% + 42%y — 2% + yt + 49 + 5y? + 2y,

our curve is smooth at (0,1).

Problem 6. Find an isomorphism between the rings Clz,y]/(y* — 353) [%} and C [t, %] .Similarly, find an

isomorphism between the rings C[xz,y]/(y? — 2% — 23) [;] and C |t [ T Hl_l]

Solution 6. Consider the surjective homomorphism ¢ : C[z,y] — C[t?, 3], defined by ¢(z) = t? and ¢(y) = 3.
We hope to show ker(¢) = (y?> — 23). We obtain one inclusion for free: ker(¢) C (y* — x3). For the other,
consider f such that ¢(f) = 0. Applying the division algorithm in Cly], we write f(z) = q(z)(y*—23)+r(z,y),
where r has degree one when treated as a polynomial in C[y]. Let

r(z) =a+br+cx®+- +bay+ Py + - .

Then, ¢(r) = a+ bt +ca* + -+ bt° +t" +-.- =0 = r(x) = 0. By the First Isomorphism Theorem,
we conclude

Cla,yl/(y* — 2°) = C[t*,£].
Hence, Clz,y]/(y* — 2%) [L] = C [t 3, 4] = [t ;] Applying a similar argument, we construct a sur-
jective homorphism 1 : Clz,y] [1] — [ (t2—1),t2 — 1, z— 1], defined such that ¢(y) = t(t> — 1) and
(x) = t? — 1. Noting that ker(¢)) = (y? — 22 — 2®), we construct the desired isomorphism.

Problem 7. Let R be a ring, and let « be integral over R. Show that there exists finitely many elements
ai,...,a, such that every element of R[a] can be written in the form a7y +- - -+a,r, for some ry,...,r, € R.
Show conversely that if R[a] is finitely generated as an R-module, then « is integral over R.

Solution 7. As « is integral over R, there exists monic f € R[z| such that f(a) = 0. Let
fl)=2"4+an 12" +---+ap

and, hence, deg f = n. Now, given a polynomial in o with degree m > n — 1, we use that a” = a,_1a" " +

--+ag to write g as a polynomial with degree m—1. We may repeat this process until g no longer has degree
greater than n — 1. Hence, we conclude setting r; = a’~' satisfies the given constraints. To conclude the
converse, suppose « is not integral. Then, given any finite set of polynomials {f1, fa,..., fm} in a, consider

n=max{n € N|3i € {1,...,m}, n=deg f;}.

Then, a™*! cannot be written as linear combination of f;’s

Problem 8. Suppose that R and S are integral domains, and S is an integral extension of R. Show that
R is a field if and only if S is a field.

Solution 8. For the first direction, consider y € S. Then, there exists rg,...,m,—1 € R such that y™ +
Tn_1y" ' 4 -+ 19 = 0. We may then conclude

1 lna M™mane N
Y To To 7o
For the reverse direction, consider z € R. Then, z—! € S, which implies there exists r9,...,",_1 € R such

that
= ro+ Tz "4z =0
= roz" 4 2 =0
— 2z 'eR
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Problem 9. Suppose that S is an integral extension of R, and that I is an ideal of S. Show that I is a
maximal ideal of S if and only if I N R is a maximal ideal of R.

Solution 9. We consider the injective homomorphism f : R/(INR) — S/I, defined by f(zx+INR) =z +1I.
Since S is an integral extension of R, S/I is an integral extension of im(f). By Problem 8, we note S/I is
a field if and only if R/(I N R) is a field. The desired result then follows.

Problem 10. Let R be an integral domain. Show that R is the intersection of its localizations at all prime
ideals Ry, and in fact is the intersection of its localizations at all maximal ideals Ry,.

Solution 10. It suffices to prove the result for maximal ideals. The first inclusion is given to us for free:
R C S7!R for any multiplicative set S. For the reverse inclusion, consider an element o € Frac(R) not in
R. Consider the proper ideal of R I, = {r € R| ra € R}. As I, is proper, there exists maximal m 2 I,. We
note Ry does not contain « as that would imply there exists r ¢ m such that ra € R.

Problem 11. Prove that the following are equivalent for an integral domain R:

(1) R is integrally closed.
(2) Ry is integrally closed for all prime ideals p of R.
(3) R is integrally closed for all maximal ideals m of R.

Solution 11. Tt suffices to show (1) < (3) and (1) = (2). (1) = (3) and (1) = (2) by Lemma
0.1.30. For (3) = (1), we note that Problem 10 tells us that

R=|JRn.

With this, we note that if & € Frac(R) is integral over R, « is integral over Ry, for all m. Then, since they’re
all integrally closed, = € R.



CHAPTER 3.7

Projective Varieties

Problem 1. Write down the line through the points (1 :2: 3) and (2 : 3 : 5) in P? as a vanishing set of
some homogeneous ideal. Write down the line through the points (1:2:4:8) and (1:3:9:27) in P3.

Solution 1. Consider the plane f passing through (1 :2:3), (2:3:5), and (0: 0 :0), i.e. V(f) where
f(z,y,2) = v +y — z. Similarly, consider the plane g passing through (1:2:3), (2:3:5),and (1:1:1):
V(g) where g(z,y,2) = 2y — z — 1. Then, the line V(f, g) passes through (1:2:3) and (2: 3:5). We apply
a similar argument for the 4 dimensional case. Let

flo,y, z,w) = =36z + 24y — 2 — w

g(x,y,z,w) =42x — 29y + 2z + w

h(z,y, z,w) = 66z — 43y + 2 + 2w.
Then, V(f, g,h) is our desired line.

Problem 2. In P2 for 0 < i < 2, let U; = {(z0 : 21 : w2) € P?| a; # 0}. Then U; is isomorphic
to A% let us write (21,9, 22/9) for the coordinates on Uy via (1 : @1 : 22) + (21,22) or more generally
(o : 1 2 w2) +> (21/20, 22/0). On UgNUy, describe the coordinates (1,9, 22/9) in terms of the coordinates
(x0/1»$2/1)~

Solution 2. (1,15/1).

Problem 3. Describe all homogeneous polynomials in x,y, z whose dehomogenization is z2? + 3> — 1. Is
there a preferred one?

Solution 3. Such polynomials are of the form z2z" 4+ 322"~ — 2"*+2, for n € N. Setting n = 1, we obtain

the minimal (or preferred) homogeneous polynomial 22z + 3%z — 23.

Problem 4. Find all rational points on the projective varieties V (x, zyz3 — 322 + y°) C P? and V(22 +
y? — 922) C P2

Solution 4. For the first, we note z = 0, and, hence, xyz3 — 322 + y° = y>(y — 2)(y + 2z) = 0. Our solutions
are then (0:0:1), (0:1:1), and (0:1: —1). For the second, we note

2 2 2 _ z\? y\?_
zZ24+y" " —92° =0 = |—) +(—) =1.
3z 3z
As z is non-zero, we set & = 1. Then, using the parameterization of the unit circle, our rational solutions

become
6t 3 —3t?
1: : .
14+¢2° 1412

Problem 5. Compute the Hilbert functions and Hilbert polynomials of the following projective varieties:
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(1) V(zy(z +y)) C P! (4) V(y*z — 23) C P?
(2) V(2% c P? (5) V(y* — 2*(xz + 2)) C P?
(3) V(yz —2?) C P?
Solution 5.
(1) We hope to show the monomial basis of O(V (zy(x + y))); is simply z¢,y%, zy*~1. We begin by
noting zy? = —x2y. Then, 2%y® = —2% 14! with @ > 1 and b > 0. Hence, the power of x in our

monomial basis can only be 1 when y has a power greater 0. The desired result follows.
(2) As 22 = 0, we note the highest power of 2 in our monomial basis can be 1. Thus, applying a stars
and bars argument, we conclude the dimension of O(V (z?)); is

(7)+ ()2

(3) By essentially the same argument, we conclude the dimension of O(V (z?)); is
14 )
< J.”) + (Z) =2+ 1.

} 1

(4) We note that the power of z in our monomial basis must be less than 3. Hence,

2i+1 1=1
h 2) (1) = .
o) (i) {3i i>1

(5) As y? = 2%(z + 2), we note the dimension of O(V (y? — z%(z + 2))); is
<1ﬂ) + (Z) —2i41.
0} 1

Problem 6. Show that for any two lines L; and Lo in P2, there is a projective transformation taking L to
Lo.

Solution 6. As a point is uniquely determined by two points, lets say Ly is the line passing through (a : b : ¢)
and p: ¢ :r and Lo is the line passing through (a’ : &' : ¢/) and p’ : ¢’ : /. We define a the map f; such that

p—p

fi(z,y,2) = a,_a(ﬂf—a)ﬂ?’
q —q

falayy.z) = = (@ = b) +¢
r—r

fa(,y,2) = F— (v —¢) +rl.

Then, define f : Ly — Lo such that f(z:y:2) = (fi(z,y,2) : fo(x,y,2) : f3(x,y,2)).

Problem 7. Let ¢ : P* x P"* — PP +27 be the Segre embedding. Let A C P™ x P™ be the diagonal, i.e.
{(a,a)| a € P"}. Show that ¢(A) is the 2-uple Veronese variety.

Solution 7. Notice that the image of an element in the diagonal is

d((xo: - rap)(To: - xp))) = (ToTg : Toxy : -+ & TpTyp),
which contains coordinates who are precisely all monic polynomials in xy,...,z, of degree 2. The desired
result follows.
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